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A scaling theory is used to study the low-energy physics of electron-electron interactions in a double
guantum dot. We show that the fact that electrons are delocalized over two quantum dots does not affect the
instability criterion for the description of electron-electron interactions in terms of a “universal interaction
Hamiltonian.”
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The statistical distribution of single-particle energy levelsquestion was addressed by Murthy and co-workers using a
and wave functions in a chaotic quantum dot or disorderedenormalization-group approach in a series of papets.
metal particle is described by random matrix thebfyThe  These authors assumed Fermi-liquid interactions on time
validity of random matrix theory as a statistical descriptionscales shorter that/E;, and used random matrix theory to
of energy levels and wave functions follows from the exis-describe electron dynamics on time scales beybhH;.
tence of a large parameter, the dimensionless conductanceSuccessively integrating out states with highest energy, they
of the metal grain or the quantum dbt(The dimensionless  found that the universal interaction Hamiltonian is stable for
conductance is the ratio of the Thouless eneggyand the  repulsive Fermi-liquid interactions and for weak attractive
mean level spacing.) The same large parametgrallows  Fermi-liquid interactions, whereas an instability occurs when
for a consistent and simple description of electron-electronhe attraction is sufficiently strong. Remarkably, Murthy
interactions in quantum dots and metal grains, by means aft al. found that the critical attraction strength is a factor
the “universal interaction Hamiltonian,” which was pro- 2In2 smaller than the attraction strength corresponding to the
posed by Kurland, Aleiner, and Altshufefsee also Ref. 6 Pomeranchuk instability in the bulk Fermi liquid, thus creat-
According to Ref. 5, to leading order @ the only relevant ing a parameter regime where the bulk system is stable,
contributions to the interaction Hamiltonian are the capaciwhereas the finite-sized system is fAot.
tive charging energy, the long-range exchange interaction, A renormalization-group treatment of interactions in cha-
and the “Cooper-channel” interaction, which is responsibleotic quantum dots requires knowledge of havenuniversal
for the superconducting instability. wave function correlations depend on the energy difference

The justification for the universal interaction Hamiltonian between the wave functions involved. The answer to this
follows from the statistics of wave functiong, in disor-  question depends on the detailed shape of the quantum dot
dered metal grains or chaotic quantum dots. Wave functionand is different for diffusivt’ and ballisti¢* electron dynam-
determine the matrix elements of the electron-electron intetics (see also Ref. )6 Murthy et al. bypass this problem by
action, using the eigenfunction correlations ofgadimensional ran-

dom matrix for all wave functions with energy withig/2

from the Fermi level, treating wave functions at larger ener-
Vaﬁyézf drydroda(r)* ds(ra)*V(ry,ra)¢y(r2)¢s(r).  gies as plane waves. Whereas the use of random matrix

(1)  theory is justified for energies far beldg only, it cannot be

used to describe nonuniversal wave function statistics near
The absence oflong-rang¢ wave function correlations in the Thouless energy. Similarly, residual wave function corre-
chaotic quantum dots causes interaction matrix elements tlations will persist for energies abové;, which are not
be self-averaging. Most averages are zero, except averagesagcounted for in Refs. 7-9. A correct treatment of wave
“diagonal” interaction matrix element¥,s,5, where the function correlations arouné is important for the renor-
wave function indices coincide pairwise. Replacing interac-malization group approach, since most of the renormaliza-
tion matrix elementsV,z,s by their ensemble average tion of the interaction parameters takes place around that
(Vagye), Only the charging energy, exchange coupling, ancenergy.
Cooper channel interaction remain, thus leading to the uni- In this Rapid Communication we apply the
versal interaction Hamiltonian. Small nonuniversal correc-renormalization-group scheme to the special case of a
tions to the interaction Hamiltonian follow from residual “double quantum dot,” see Fig. 2, inset. The double quan-
wave function correlations in disordered metal grains ortum dot consists of two quantum dots of roughly equal size
quantum dots, which cause small fluctuations of the interaceoupled via a point contact with dimensionless conductance
tion matrix elements/,z, s around their average. Typically, g/2>1. The Thouless enerdy of the double-dot system is
these fluctuations are a factorglémaller than the diagonal equal togA, whereA is the double-dot level spacin@hich
matrix elements. is half the single-dot level spacingrhe dimensionless con-

Although the off-diagonal interaction matrix elements areductances of the two individual quantum dots are assumed to
a factor 1¢ smaller than the diagonal elements, they arebe much larger thag, so that random matrix theory and the
many, and it is legitimate to ask what their role is. Thisuniversal interaction Hamiltonian can be used to describe
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wave functions and interactions in each of the dots sepanteraction. Upon changing to the basis of eigenstates of the
rately. The advantage of the double-dot geometry is thahoninteracting Hamiltoniai, the total Hamiltonian reads
wave function correlations for energy differences ngar
can be calculated in detail, so that no approximations need to 1 o
be made upon constructing the renormalization group for the H=, Sa(ﬂll/fl‘f'z > Vapyshh bt s, (4
electron-electron interactions. The analogy between the “ apyo
double-dot system studied here and the single quantum dot . .
studied by Murthyet al. is that in the double-dot electrons Wherey;, and i, are creation and annihilation operators for
are confined to one dot for times well beldwE-, but not  an electron in eigenstate of the noninteracting Hamiltonian
for larger times, whereas in the ballistic quantum dot studiedd and
in Refs. 7-9 they have a well-defined momentum for times
below#/E+, but not for longer times. . N

Our main finding, to be elaborated below, is that, once the Vaﬁw:; (UotUy0va) §5,(K) g (1) b, (1) (k). (5)
correct nonuniversal wave function correlations nEarare '
tak_en into account, _the instability (_)f the qniversal Hamil- | hare o=1 for k=1,...N and o,=—1 for k=N
tonian occurs at precisely the same interaction strength as thﬁ@1 N
instability of the double-dot system without point contact X
between the dots. Although this conclusion is reached fo[je
one specific geometry only, the structure of our calculation
leads us to expect that the same is true for the more general 1
Pomeranchuk-type instabilities studied by Murtéyal. In -
other words, we expect that the fact that Refs. 7-9 find a ($ak)$5(1)) 2N %O ©
parameter regime where the bulk Fermi liquid is stable
whereas the finite-sized system is not is an artifact of the useorrections to Eq(6) being of order 1d. As a result, inter-
of random matrix theory to describe wave function statisticsaction matrix elements are self-averaging; fluctuations are of
up to a distanc&/2 from the Fermi level. relative order 1g. Only diagonal elements have a nonzero

We now describe the details of our calculation. For tech-average,
nical convenience, we consider a double quantum dot with
spinless electrons and with broken time-reversal symmetry. <Va,8y6>:U05a55B7' (7
Using random matrix theory to describe each of the dots
separately, the noninteracting part of the Hamiltonian for therReplacing the interaction matrix elements by their average,
double quantum dot reatfs we find that interactions are described by the reduced inter-

action Hamiltonian

Hl O g
0 H2 + V ﬁler (2) UOA2

H int— 7” ’ (8)

For largeg, wave function elements (k) are indepen-
ntly distributed Gaussian random numbers,

whereH; andH, are NXN Hermitian matrices modeling
the Hamiltonians of the quantum dots without point contactyhere n=n,+n, is the total number of electrons in the

andHg, is @ 2N 2N Hermitian matrix modeling the point gouple quantum dot. Note that, in comparison to €, the
contact connecting the two quantum dots. The elements Qfipolar interaction has disappeared because the electron
Hy, Hz, andH,, are complex numbers taken from indepen-yaye functions are delocalized over of the entire double-dot
dent and identical Gaussian distributions. The rows and colsystem. Equation8) is the equivalent of the universal inter-
umns ofH are labeled by roman numbeks=1,.... N,  action Hamiltonian for the double quantum dot; the disap-
wherek=1,... N andk=N+1,... 2N correspond to the pearance of the dipolar interaction is the double-dot counter-
left and right dots, respectively. Eigenvalues tdfare de-  part of the disappearance of all nonzero-mode Fermi-liquid

noted &,, the corresponding eigenvector being writteninteractions in the original construction of the universal in-
¢.(K). The sizeN of the random matricebl; andH, is of  teraction Hamiltoniari:®

the order of the dimensionless conductance of the individual |n order to study the importance of the many residual
quantum dots and is taken to infinity at the end of the calcUinteraction matrix elements that are of ordeg,We perform

lation. a renormalization-group analysis, following Refs. 7(s@e
The interaction Hamiltonian has the fofin also Ref. 14 This analysis is reminiscent of Anderson’s
“poor man’s” treatment of the Kondo problefi.In order to
Hiw=2Uq(Ny+Np) 2+ 2U (N —Ny)2, (3) find the effective interaction for electrons at the Fermi level

eg, one successively integrates out states at energies far

wheren; andn, are operators for the number of electrons indway fromeg . Writing the cutoff energy aMA/2, we cal-

the two individual quantum dots. The first term in B§)  culate the change of the effective interaction parametkyrs
corresponds to a “charging energy” for the double dot sys-and U; upon changingl to M’<M within second-order
tem, whereas the second term in E8). represents a dipolar perturbation theory, see Fig. 1
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U= = +

FIG. 1. Diagrammatic representation of the effective interaction
U to second order in perturbation theory.

— . — » Ne(e,) —ne(e,) -
Up(M")=Ug(M)=U52 > ——~—=— M
' g FIG. 2. (Color onlineg Renormalization-group flow of the effec-

X ¢n(K) b, (N5 (1), (k), (9  tive dipolar couplingu; as a function of the cutoff. The solid
curve corresponds to the critical dipolar interaction strength

_ _ —, , Ne(e,)—Ne(e,) =—1. The other curves argrom bottom to top for u;=—0.75,
U, (M) =U;(M)= Ul; Uk“l; P 0, and 1. Inset: schematic drawing of the double quantum dot.
) M v
X % (K)p, (1) % (1), (K). (10 — 1 4 Mm 2 M
$u()6,()4, (1) Uz (M) =| = +1- — arctan, -+ — arctan-_—
whereng(e) is the Fermi function and the sum over inter- U1 . g 7 9
mediate states is _such that o_nly stateand v Wi_th at least M [ 4q2+M272) ]
one of the energies, or ¢, in the cutoff regionM’A/2 _M M (14)
<|e—eg|<MA/2 are to be included. We omitted exchange g \ g>+M2%7?

contributions to the effective interaction, which are unimpor- : . . .
tant for the largeg limit we consider here. We follow Refs. Ir? Fig. 2 the S_OHEO_n of the flow eq‘_Ja“O” for the effective
7-9 in replacing the product of the eigenfunctiaps and dipolar m_terac_tmml is shown for various values of the un-
¢, of the intermediate energies, and ¢, in Egs.(9) and ~ renormalized interaction;. B _ .

(10) by its ensemble average. However, we deviate from N orde_:r to address the stability c_Jf the qnlyersal interac-
Refs. 7-9 in keeping the precise dependence of the ensemti@n Hamiltonian, we analyze E14) in the limit M | 0,
average of the wave functiong, and ¢, on the energy

differencee ,— &, . Repeating the analysis of Ref. 16 for the Ul(M):
Hamiltonian(2), the relevant wave function average is found
to be(see also Ref. 17

1 2M -1
—+1——In2 for M |O0. (15
Uy g

For u;>—1, the effective interaction strength, remains
bounded adv | 0. This implies that the corresponding inter-

(6 (K)o, (K) &~ (1) b, (1)) = goo|A® action matrix elements at the Fermi level remain of order
v " " g AN?[g2A%+ WZ(SM—SV)Z] 1/g, justifying the use of the universal interaction Hamil-
tonian for those values of the dipolar interaction. It is only

n Suvt Sk _ 1+aya for the critical dipolar attraction strengthy=—1 that u,

4AN?2 gNe diverges upon taking the cutoff enerfyA to zero. This is

precisely at the same interaction strength as the location of
1) the instability in the absence of interdot tunneling.
Substituting this into Eqg9) and(10), we find that only the The renormalization approach of Murthst al. differs
nonuniversal first term on the right-hand side of Egl)  from ours in two respects. First, in Refs. 7-9 there is no flow
contributes in the limitN—c. Changing to dimensionless ©f the interaction parameters fd>g. Second, in order to
interaction parameterEJ-:Uj/A,j —0,1, and replacing the describe the flow foM <g, Murthy et al. replace the eigen-

difference equation§9) and (10) by a differential equation, function aver_agéll_) by the average of eigenfunctions of a
one thus finds random matrix of sizey,

du (BB RBDBM)= 222 (g
o . S))y=———-—.
am 2 (12 s ¢ ¢
One then obtains the following_flow equations for the effec-
du; U3 [4g?+M272 tive dipolar interaction strength,:
1 .

The flow equation$12) and(13) are solved with the bound- am 0 T M>g, (179
ary conditionsu;—u;=U;/A,j=0,1, if M—c0. Integrating .
Egs. (12) and (13), one finds that, does not flow,uy(M) du, 2ujin2 M 7h
=ug for all M, whereas dm g 9:
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FIG. 3. (Color online Comparison of exact renormalization
group flow(dashed and the flow according the calculation scheme
of Refs. 7-9(solid). Flows are shown for the critical value of the

Mig

dipolar interaction strength,.

The flow equation$17) agree with the exact flow equations
for the double-dot system only fdl <g andM>g, but not
for the intermediate rang®l ~g. The solution of the erro-

neous flow equationgl?) is

uy(M)=

One verifies that in this calculation scheme, the univers
interaction Hamiltonian is stable far;>—1/21n2 only, so
that there is a range of dipolar interaction strength%
<u;<—1/2In2 for which the separate dots are stable against

up
[u;*+2(1-M/g)in2]7*

if M>g,
if M<g.
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tion group flow of Refs. 7-9 and the exact flow for the
double-dot differ, the flow in the rangl ~g is crucial in
determining the value of the interactions at which the univer-
sal interaction Hamiltonian becomes unstable.

Before concluding, we would like to make three remarks
about the renormalization-group calculation presented here.
First, the one-loop renormalization-group re<ulf) is exact

in the largeg limit. This follows from the same arguments as
used to establish the validity of one-loop renormalization
group in the work of Murthyet al® Second, in the exact

calculation performed here all flow of interaction parameters
arises from the first, nonuniversal term in the wave function
correlator(11), which is off diagonal in the wave function

indices. This is opposite to the calculation of Refs. 7-9,

where the flow arises from a universal and diagonal wave

function correlator. Third, mathematically, the fact that the
instability of the universal interaction Hamiltonian occurs
precisely atu;=—1 is a consequence of the Lorentzian en-
ergy dependence of the first, nonuniversal term in the wave

function correlator(11). A Lorentzian is generic for nonuni-
versal wave function correlations in both diffusive and bal-

) listic quantum dot¥* for which o, andg in Eq. (11) are

(18

replaced by eigenfunctions and eigenvalues of the diffusion

perator or the Perron-Frobenius operator, respectively, see,

.g., Ref. 6. It is because of this similarity that we believe
that our calculational scheme, including our result for the
critical interaction strength, extends to the general case.

the formation of a dipolar charge distribution, whereas the We thank G. Murthy, R. Shankar, and H. Mathur for cor-
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