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Abstract

An eigenvalue analysis has been developed to study the
stability of helicopter rotor wakes in hover and axial flight.
The results are supported with observed trends from hov-
ering rotor wake experiments. The rotor wake is shown to
be intrinsically unstable, with the tip vortices exhibiting
several possible unstable deformation modes. The wake
divergence (instability) rate associated with each defor-
mation mode depends on the relative phase of the per-
turbations produced on tip vortex filaments generated by
different blades. Wake divergence rates increase sharply
after the initial radial contraction of the wake below the
rotor, and is confirmed by experimental observations. The
divergence rates are governed by the vortex-induced ve-
locities; the divergence rate for any deformation mode
decreases with increasing rotor thrust, and also with in-
creasing climb rate. The so-called tip vortex ‘pairing’
phenomenon, sometimes empirically observed in hover-
ing flight conditions, is shown to be a particular unstable
long-wave deformation mode of the rotor wake. It is fur-
ther shown that in numerical solutions of the wake using
free-vortex wake methods this deformation mode can be
artificially excited by numerical errors. A proper choice of
numerical time integration algorithm is necessary to pre-
vent non-physical growth of these numerical errors.

Nomenclature

c Rotor blade chord, m
CT Rotor thrust coefficient,T/(ρπΩ2R4)
N Number of helical vortex filaments
Nb Number of blades
p Helical pitch angle, rad
R Rotor radius, m
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rc Vortex core radius, m
r,θ,z Cylindrical polar coordinates
~r Position vector of a wake collocation point
t Time, s
~V Velocity vector at a wake collocation point
x,y,z Cartesian coordinates
α Divergence rate, s−1

α Non-dimensional divergence rate,α/
(
Γv/4πR2

)
δ~r Wake geometry perturbation, m
Γv Tip vortex circulation strength, m2s−1

Ω Rotor rotational speed, rads−1

ω Wave number for a normal mode
ψ Azimuth angle, rad
ψb Blade azimuthal location, rad
σ Rotor solidity,Nbc/πR
ζ Vortex age, rad

Abbreviations
LHS Left-Hand Side
RHS Right-Hand Side
PIPC Pseudo-Implicit Predictor-Corrector
PCC Predictor-Corrector with Central difference
PC2B Predictor-Corrector with 2nd-order Backward

difference
RMS Root-Mean-Square
TPP Tip Path Plane

Introduction

An improved understanding of the physical nature of the
vortical wake is, perhaps, the most important factor in ac-
curately predicting the aerodynamics of helicopter rotors.
Accurate prediction of the non-uniform wake-induced in-
flow and the resulting blade loading is the key to improved
levels of helicopter aeromechanics and flight dynamics
analyses. The acoustic analysis of the rotor also requires
high fidelity predictions of the rotor blade tip vortex tra-
jectories and strengths. It is the inability to fully under-
stand and model the tip vortices and the rotor wake that



limits the ability to design newer helicopters with better
efficiency, lower vibration, and reduced rotor noise levels.

One problem that adversely influences rotor wake pre-
diction capability is the inability to faithfully model the
various types of wake disturbances and instabilities that
have been observed in rotor experiments. These effects
can be both global (i.e., affecting the total wake struc-
ture), as well as local (i.e., confined to only a small part
of the tip vortex filaments). In some cases local wake in-
stabilities can lead to vortex bursting, which is also poorly
understood and difficult to model (e.g., Ref. 1). Global
wake instabilities in a helicopter rotor wake can result
from local interactions between closely spaced tip vor-
tices. Wake instabilities and aperiodic wake formation
often have their source in ‘pairing’ or localized roll-up
between two adjacent tip vortex filaments. These effects
were first observed in experiments with hovering rotors
by Landgrebe (Ref. 2) and by Tangleret al. (Ref. 3). The
phenomenon was attributed to an inherent characteristic
of the vortical wake structure, which was supported by
theoretical stability analyses of an infinitely long helical
filament (Refs. 4, 5). Gupta & Loewy (Ref. 6) extended
this stability analysis to multiple interdigitated helical vor-
tices to examine multi-bladed rotor wakes. These studies
have suggested, although only by analogy to infinite heli-
cal vortex filaments, that a hovering helicopter rotor wake
is intrinsically unstable with several possible instability
modes.

Recently, periodic interactions between tip vortex fil-
aments in the form of vortex pairing have been em-
pirically documented by Martinet al. (Ref. 7) and
Caradonnaet al. (Refs. 8, 9). While the pairing phe-
nomenon is interesting, it is not a new observation, nor
is it a general characteristic of the wake found with all ro-
tor configurations. Experimental evidence suggests that
the susceptibility of the rotor wake to pairing or other in-
stabilities is affected by the number of blades and rotor
operating state. In particular, with increasing thrust (or,
alternatively, increasing collective pitch) the vortex pair-
ing occurs at increasing downstream distance below the
rotor (Ref. 3). A similar effect was reported with increas-
ing climb velocity in Refs. 8 and 9. While the analysis
of Gupta & Loewy (Ref. 6) would suggest that this vortex
pairing is a form of wake instability, others have suggested
otherwise. Jainet al. (Ref. 10) suggest that vortex pairing
in rotor wakes is not an instability, but is a result of mu-
tual interactions of two vortex filaments in a form that is
analogous to the perpetual leap-frogging motion of two
inviscid vortex rings. It could be further argued that the
steady, deterministic nature of the wake trajectories ob-
served in some of these recent experiments cannot be an
inherent wake instability, mainly because instabilities are
more often attributed to stochastic phenomena such as an
overall aperiodicity of the rotor wake (Ref. 11).

Clearly, these empirical observations pose consider-
able challenges to the to the rotor analyst. From a ro-
tor wake prediction standpoint, the highly periodic, re-
peatable nature of the wake visualization results observed
by Martin et al. (Ref. 7) and Caradonnaet al. (Refs. 8,
9) suggests that deterministic, first-principle based wake
prediction methods should be able to model the tip vor-
tex pairing process. In fact, some vortex wake methods
seem to predict a behavior that closely replicates the vor-
tex pairing that has been observed in experiments – see
Refs. 10 and 12. However, the fact that some but not all
prediction methods show this behavior raises some ques-
tions as to whether these effects have their source in the
numerical methods themselves, rather than being physical
in origin. Furthermore, the fact that the effects are present
in some (almost identical) rotor experiments but not oth-
ers suggests it is possible that the experimental setup, or
flow turbulence and other recirculation in the test facility
may be responsible for part, if not all, of the observed be-
havior of the wake. From a wake prediction standpoint,
the most important question this raises is whether or not
predictions that provide periodic wake geometries can be
considered as equilibrium, steady-state solutions. It is also
not immediately obvious as to why, in general, only time-
accurate wake solutions are able to properly model this
‘inherent’ physics of interacting tip vortex filaments in the
rotor wake.

In the present work, the wake behavior of a helicopter
rotor in axial flight is introduced using numerical solutions
to the wake problem using free-vortex schemes. These re-
sults are also supported using experimental measurements
as a reference. It is further shown that the results obtained
with free-vortex schemes are dependent on the numerical
scheme used to solve the wake equations. Round-off and
truncation errors can be responsible for the onset of wake
instabilities, which in some cases may fortuitously repli-
cate the observed physical behavior of the rotor wake. The
problem is then approached rigorously using a linearized
stability analysis that is applicable to any general rotor
wake structure. Both the stability of an equilibrium wake
geometry and its instability modes are examined to under-
stand the source of mutual tip vortex interactions observed
in both rotor experiments and in numerical solutions of the
wake.

Numerical Wake Model

The general problem of rotor wake behavior and wake in-
stabilities is first introduced with a numerical rotor wake
model using free-vortex methods. Free-vortex wake meth-
ods have emerged as popular aerodynamic models for
helicopter rotor analyses because they offer high fidelity
and versatility at modest computational costs. These



methods can be categorized into two main types: time-
accurate algorithms, where the wake governing equa-
tions are integrated in time (Refs. 13–19), and steady-
state solution algorithms, which solve for a periodic so-
lution either directly (Ref. 20), or by using relaxation ap-
proach (Refs. 21–26).

Free-vortex wake methods follow a Lagrangian ap-
proach and in the interest of computational economy,
model the rotor wake using only the most dominant fea-
tures — the blade tip vortices. The force-free motion of
the tip vortices is governed by the vorticity transport the-
orem, which states that vorticity is transported along with
the fluid. Thus, the motion of a point on a vortex fila-
ment is governed by the equation governing the motion of
a fluid particle, i.e.,

d~r
dt

=~V(~r) (1)

where~r is the position vector of the point on the vortex
filament and~V(~r) is the local fluid velocity at the point~r
resulting from any external ‘free-stream’ velocity as well
as induced velocities from the vortical wake structure. In
a blade-fixed coordinate system, Eq. 1 can be written in
the form of a partial differential equation as

∂~r
∂ψ

+
∂~r
∂ζ

=
~V(~r)

Ω
(2)

whereψ is the azimuthal location of the blade andζ is
the vortex age relative to the blade azimuth that the vortex
originated. The left-hand side (LHS) of Eq. 2 is a one-
dimensional wave (convection) equation, with a temporal
directionψ and a spatial directionζ. The source term on
the right-hand side (RHS) of Eq. 2 is non-linear because of
the self and mutually induced velocities from the vortices.

The discretized rotor wake problem consists of divid-
ing the vortex filaments along their length into a number
of straight-line elementary vortex segments, and applying
the governing equation at each collocation point on these
vortex segments. These equations are then solved numer-
ically by approximating the partial derivatives on the LHS
of Eq. 2 with finite difference approximations. The ve-
locity source term on the RHS of Eq. 2 is evaluated by
applying the Biot-Savart law (Ref. 27) to each individual
vortex segment and numerically integrating the induced
velocities over the length of all vortex filaments.

The free-vortex wake results presented here are calcu-
lated using a development of the free-wake analysis of
Bagai & Leishman (Refs. 23–26). The original analysis
used a second-order accurate pseudo-implicit predictor-
corrector (PIPC) relaxation formulation to solve for
steady-state (periodic) wake geometry solutions. A five-
point central difference scheme is used to approximate the
LHS of the governing equations (Eq. 2), while the induced

velocities are evaluated using standard straight-line seg-
mentation of the vortices. This five-point scheme has the
special property that for equal discretizations alongψ and
ζ, the truncation errors from the LHS of the discretized
equations cancel each other resulting in an ‘exact’ repre-
sentation.

The relaxation approach solves for an equilibrium solu-
tion by imposing periodicity conditions. In the present
work, these equilibrium solutions were used primarily
for wake stability analyses, and also as an initial con-
dition for the two newly developed time-marching algo-
rithms (see Appendix). These time-marching algorithms
are also second-order accurate predictor-corrector formu-
lations, and allow transient wake geometry calculations
with no pre-assumed wake periodicity requirements. The
first time-marching algorithm, which is referred to as
PCC, uses a five-point central differencing scheme sim-
ilar to that used in the PIPC relaxation algorithm. The
second algorithm, referred to as PC2B, also uses a cen-
tral difference scheme for the spatial (ζ) derivatives but a
second-order backward difference scheme for the tempo-
ral (ψ) derivatives. Such a difference scheme introduces
additional truncation errors which are both dissipative and
dispersive. However, these errors are of a higher order,
and the overall solution accuracy is still second-order.

Representative examples of the predicted wake geome-
tries for a two-bladed hovering rotor as obtained us-
ing these three free-vortex wake algorithms are shown
in Fig. 1; the results being shown for a reference blade
azimuth ofψb = 0◦. The rotor was operated at a thrust co-
efficient ofCT = 0.005, with a tip speed ofΩR= 89 ms−1.
The rotor geometry and operating conditions for this two-
bladed rotor are described in Ref. 7. For these calcula-
tions, four free-wake turns (ζmax = 1440◦) were used at a
discretization of∆ψ = ∆ζ = 10◦.

The axisymmetric, periodic and smoothly contracting
nature of the relaxation solution shown in Fig. 1(a), is typ-
ical of the wake generated by hovering rotors. The two
tip vortices followed the same trajectories relative to the
blades and were found free from any local or global insta-
bilities. This periodic solution for the wake was used as
an initial condition for the two time-accurate algorithms.
The calculations were continued in a time-accurate man-
ner for up to fifteen rotor revolutions to allow any initial
transient behavior to settle down to equilibrium. The time-
accurate solution obtained using PCC algorithm, shown in
Fig. 1(b), produced some apparently erratic distortions af-
ter about two rotor revolutions. Prior to this, the wake
geometry was almost identical to the relaxation solution.
The solution obtained using PC2B algorithm, however,
was found to be essentially identical to the relaxation so-
lution, as shown in Fig. 1(c).

The wake convergence histories corresponding to these
three algorithms are shown in Fig. 2 in terms of a RMS
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Figure 1: Representative free-vortex wake geometries for
a two-bladed hovering rotor. The tip vortex from blade 1
(the reference blade) is shown with a solid line, while the
tip vortex from blade 2 is shown with a dashed line,CT =
0.005
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Figure 3: Predicted and measured vortex trajectories in
hover as observed in a fixed radial-axial plane,CT = 0.005

change in wake geometry per rotor revolution. The PIPC
relaxation solution showed a rapidly converging trend by
virtue of wake periodicity enforcement. Starting from
such a converged relaxation solution, the PCC time-
marching algorithm shows an increased change in wake
geometry. Thereafter, the wake geometry continued to
change from one rotor revolution to another. This implies
that the wake geometry is not periodic at the rotor fre-
quency. However, the change in wake geometry remains
bounded and the solution is not divergent. Therefore, the
apparently erratic wake distortions seen in Fig. 1(b) are, in
reality, deterministic and bounded. Results obtained with
the the PC2B time-marching solution, however, showed a
continuously converging trend starting from the same ini-
tial wake geometry. Any change in wake geometry dimin-
ished with time, suggesting that the relaxation solution is,
indeed, a steady-state equilibrium solution.
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Figure 3 shows an alternative presentation where the
predicted trajectories of the tip vortices along with the ex-
perimental results, as seen from a fixed radial-axial plane.
At early vortex ages near the tip path plane (TPP), the tip
vortices from the two blades were seen to follow the same
trajectory. At later vortex ages, however, these vortices
followed different trajectories with one vortex moving ra-
dially inward while the other moving radially outward.
The azimuth where the two tip vortices cross in the radial
direction is the onset of pairing. The PIPC algorithm pre-
dicts an axisymmetric wake structure with identical vortex
trajectories, and it is the time-accurate PCC algorithm that
shows the better agreement with experimental results.

This interesting wake behavior is further elucidated in
Fig. 4 by plotting the predicted results in the form of ax-
ial and radial tip vortex displacements as a function of the
reference blade (blade 1) azimuthal location. The mea-
sured vortex trajectories from the experiment reported in
Ref. 7 are also plotted for comparison. In this experi-
ment, evidence of vortex pairing was found between tip
vortex filaments that were about two rotor revolutions old
downstream of the rotor. This pairing phenomenon is evi-
dent from the results shown in Fig. 4, which indicate that
the trajectories of the two tip vortices cross each other.
As noted previously, the relaxation (PIPC) solution is ax-
isymmetric and both tip vortex filaments follow the same
trajectory. However, when using the time-accurate solu-
tion with the PCC algorithm, the wake was not axisym-
metric and the two tip vortex filaments followed differ-
ent trajectories. In particular, the two vortices formed an
interacting vortex pair at an azimuth where the two ax-
ial displacement trajectories intersected each other. These

computed results show good agreement with measured
trajectories at early vortex ages. The azimuthal location
where the two vortices pair, however, is somewhat over-
predicted.

To better understand the onset of vortex pairing, a se-
quence of predicted wake structure for different blade po-
sitions (reference blade azimuthal locations) is shown in
Figs. 5(a)–(f). The equilibrium (periodic) wake boundary
is shown in dotted line. The symbols in Fig. 5(a)–(f) show
the vortex trajectories as seen in a fixed radial-axial plane
at different times (reference blade azimuth). Note that the
vortex filament trailed from blade 1 moves radially inward
and axially downward, while that trailed from the blade 2
moves radially outward and axially upward. At a blade
azimuth of about 880,◦ one filament loop can be seen to
pass through the other. At this azimuth, the two vortices
become nearly parallel to the rotor plane forming a vor-
tex pair. This corresponds to the reference blade azimuth
shown in Fig. 4, where the axial displacements of two vor-
tex filaments are equal.

Although, there is good agreement between predictions
and observations of the vortex pairing phenomenon, the
physical mechanism of these interactions occur is not yet
clear. For example, it is not immediately obvious as
to why the PIPC relaxation algorithm and time-accurate
PC2B algorithm fail to predict these vortex interactions
despite using identical blade and wake models. The wake
vortex trajectories close to the rotor are identical in all
three solutions – see Figs. 3 & 4. Therefore, it is ex-
pected that vortex interactions originate away from the
rotor and would likely have only a small influence on
the inflow and blade loads. The mechanism proposed by
Tangleret al.(Ref. 3) based on experimental observations
also suggests that these interactions originate downstream
of the region where the full radial contraction of the wake
is first obtained, i.e., after about one rotor revolution. The
motivation for the following stability analysis is to better
understand the physics of this vortex pairing phenomenon.

Linearized Stability Analysis

The rotor wake behavior is now examined by means of a
stability analysis, following the methodology applied to
linearized flow stability analyses. The rotor wake geome-
try, as given by a solution to Eq. 1, is the basic equilibrium
solution. This equilibrium solution is perturbed by a small
quantity,δ~r, the new geometry being described by~r + δ~r.
The governing equation for this perturbed wake geometry
is

d(~r + δ~r)
dt

=~V(~r + δ~r) (3)

The perturbation equation is the equation governing the
perturbation wake displacement,δ~r, and is obtained by
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subtracting the equilibrium equation (Eq. 1) from the per-
turbed equation (Eq. 3), i.e.,

d(δ~r)
dt

=~V(~r + δ~r)−~V(~r) (4)

The induced velocity on the RHS of Eq. 3 can be ex-
pressed as a series inδ~r, i.e.,

~V(~r + δ~r) =~V(~r)+ δ~V(δ~r)+O
(
δ~r 2)

The perturbation equation can now be linearized by ne-
glecting higher-order terms in the perturbationδ~r to give

d(δ~r)
dt

= δ~V(δ~r) (5)

Induced Velocity Perturbation

The induced velocity,~V(~r), can be obtained by dividing
each curvilinear vortex filament into a number of elemen-
tary vortex segments, and numerically integrating the in-
duced velocities over the entire filament length. This is
most easily accomplished using straight-line segments,
which are readily amenable to analytic forms of Biot-
Savart law integration. The total induced velocity at a
point is then obtained by summation of the velocity in-
duced by each vortex segment. The velocity induced
by a vortex element~l at a point~r is given by the Biot-
Savart (Ref. 27) law as

~V =
Γ
4π

∫
l

~dl×~r
|~r |3 (6)

Therefore, the velocity induced by a single, straight line
vortex element extending fromA to B, at a pointP (see
Fig. 6) can be expressed in the form Vx

Vy

Vz

=
Γv

4πh
(cosθ1−cosθ2)

 ex

ey

ez

 (7)

whereΓV is the circulation strength of the vortex element,
and where~r1 =~rP−~rA, ~r2 =~rP−~rB, ~l12 =~rB−~rA and

~e=
~l12×~r1∣∣∣~l12×~r1

∣∣∣ with~rA,~rB,~rP being the position vectors of

points A, B, andP respectively. Note that this velocity
field corresponds to that of a potential vortex, so must ex-
hibit a singularity ash→ 0. Physically, the vortex has a
viscous core where the induced velocity resembles solid
body rotation. The above equation can be modified to in-
clude a viscous vortex core with a core radius ofrc. While
various options are possible, in the present work this is
done using a general desingularized induced velocity pro-
file with the algebraic form

θ
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Figure 6: Schematic showing the velocity induced by a
straight-line vortex element

V =
(

Γ
2π

)
r

(r2n
c + r2n)1/n

(8)

Note that in the case wheren→ 0 the Rankine velocity
model is obtained, forn = 1 this corresponds to the well-
used ‘Scully’ model (Ref. 14), and forn = 2 the induced
velocity is almost identical in result to that of the Lamb-
Oseen model (Ref. 28).

With a desingularized vortex model the above equation
for the induced velocity (Eq. 7) is modified into the form

~V =
Γv

4π
h

(r2n
c +h2n)1/n

(cosθ1−cosθ2)~e (9)

Denoting the perturbed quantities by a prime, the per-
turbed position vectors of the pointsA, B andP are given
by ~r ′P =~rP + δ~rP, ~r ′A =~rA + δ~rA, ~r ′B =~rB + δ~rB. The
expression for the induced velocity (Eq. 9) is rewritten in
terms of the perturbed quantities, e.g.,

h′ = h+ δh, and cos(θ1)′ = cos(θ1)+ δcos(θ1)

The perturbed induced velocity is evaluated up to first-
order by neglecting higher-order terms in the perturba-
tions, i.e.,

~V ′ =
Γv

4π
h

(r2n
c +h2n)1/n

×[
h(cosθ1−cosθ2)~e

+hf δh(cosθ1−cosθ2)~e
+h(cosθ1−cosθ2)δ~e

+h
(
δ(cosθ1)−δ(cosθ2)

)
~e
]

(10)

The factor,hf , is a multiplicand of theδh term because
of the desingularized viscous velocity profile, and is given
by

hf = 1− nh2n

(r2n
c +h2n)1/n

(11)
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Each of the perturbation quantities on the RHS of Eq. 10,
viz., δh, δ(cosθ1), δ(cosθ2), δex, δey andδez, are eval-
uated up to the first-order by neglecting the higher-order
perturbation terms. This can written in matrix form as,
e.g.,

δh = {HA}T ~δrA +{HB}T ~δrB +{HP}T ~δrP (12)

Similarly,

δ(cosθ1)−δ(cosθ2) =

{CA}T {δ~rA}+{CB}T {δ~rB}+{CP}T {δ~rP} (13)

and

{δ~e}= [EA]{δ~rA}+[EB]{δ~rB}+[EP]{δ~rP} (14)

-1 -0.5 0 0.5 1

x

(c) Radial perturbation,ω = 2

-1 -0.5 0 0.5 1

x

(d) Axial perturbation,ω = 2

By assembling these individual matrices, the perturbation
induced velocity can be written in the form{

δ~V
}

=
Γv

4π
h

(h2n + r2n
c )1/n

× (15)[
[A]
{
~δrA

}
+[B]

{
~δrB

}
+[P]

{
~δrP

}]
Normal Mode Perturbation

To simplify the perturbation equations for a stability anal-
ysis, the perturbations are assumed to be in the form of a
normal mode or a traveling wave.∗ Because of the heli-

∗Any arbitrary disturbance can be transformed into a series of
normal mode perturbations, and so the present analysis remains
general even after this simplification.



cal nature of the rotor wake, cylindrical polar coordinates
are used. These coordinates are also more suitable for un-
derstanding the physical nature of the perturbation. The
perturbation in cylindrical coordinates is given by

{
δ~p
}

=

 δr0

δθ0

δz0

eαt+iωζ (16)

whereα is the growth rate andω is the wave number, that
is the perturbation wave hasω cycles for each rotor revo-
lution. An example is shown in Fig. 7 for the radial and
axial modes corresponding toω = 1 andω = 2. In this
case, the equilibrium geometry is a constant pitch, con-
stant radius helix, as shown by the dashed lines, and the
perturbed geometry is shown by the solid lines.

The perturbation induced velocities, as derived in the
previous section, are evaluated in the Cartesian coordinate
system,~r = {x,y,z}T . Therefore, coordinate transforma-
tion matrices need to be defined that relate the cylindrical
polar coordinates,~p = {r,θ,z}T , to the Cartesian coordi-
nates. The displacements and perturbations are related by

x = r cosθ
y = r sinθ
z = z

δx = δr cosθ− r sinθδθ
δy = δr sinθ + r cosθδθ
δz = δz

(17)

In matrix form, δx
δy
δz

= [T]

 δr
δθ
δz

 (18)

where [T] =

 cosθ −r sinθ 0
sinθ r cosθ 0

0 0 1


Also, the velocities and perturbation velocities are given
by {

~̇r
}

= [T]
{
~̇p
}

(19){
δ~̇r
}

= [T]
{

δ~̇p
}

+[T2]
{

δ~p
}

(20)

where the second transformation matrix[T2] is given by

[T2] =

 −θ̇ sinθ −ẏ 0
θ̇ cosθ ẋ 0

0 0 0

 (21)

Eigenvalue Problem

The governing equations for each perturbation mode
(Eq. 5) can now be solved at a given pointP on the vortex
filament. The LHS is given by

LHS=
{

δ~̇r
}

= [T]P
{

δ~̇p
}

+[T2]P
{

δ~p
}

=
[

α [T]P +[T2]P

]{
δ~p
}

(22)

The subscript denotes that the transformation matrices are
evaluated at the pointP. The perturbation position vector
of pointP in Cartesian coordinates is given by{

δ~rP
}

= [T]{δ0}eαt+iωζP (23)

The induced velocity perturbation at pointP resulting
from the ith vortex element, extending from pointA to
pointB, is written in the form

[δVi ] = [A] [T]{δ0}eαt+iωζA +[B] [T]{δ0}eαt+iωζB

+[P] [T]{δ0}eαt+iωζP (24)

Considering only the real part, this equation is simplified
as

[δVi ] = [Vi ] [T]
{

δ~p
}

(25)

The velocity contributions of all the vortex elements are
summed to obtain the total induced velocity perturbation
in the matrix form as[V] = ∑

i
[Vi ]. Therefore,

[
α [T]+ [T2]

]{
δ~p
}

P = [[V] [T]]
{

δ~p
}

P (26)

Finally, this equation can be reduced to the standard eigen-
value form

αP{x}= [M]P{x} (27)

where [M]P =
[

[V]− [T2] [T]−1
]

P

The eigenvaluesαP give the growth rate of the perturba-
tion at pointP on the rotor wake. A positive growth cor-
responds to an unstable mode, a zero growth rate is a neu-
trally stable mode, and a negative growth rate is a stable
mode.

Results & Discussion

Eigenvalue Analysis

Stability results were obtained from the equilibrium wake
geometry and vortex strengths predicted using the free-
vortex wake scheme based on the relaxation (PIPC) al-
gorithm. Numerical solutions are chosen mainly because
they offer the freedom to study the sensitivity of the re-
sults to various rotor geometric and operating parameters,
such as number of blades and rotor thrust. However, the
eigenvalue analysis developed in the preceding section is
completely general, so it can also be applied to any wake
geometry including those obtained directly from experi-
mental measurements.

Two different teetering rotor geometries are studied in
the present work. In both cases the rotor blades were un-
twisted with a rectangular planform. Rotor 1 corresponds
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Table 1: Rotor configurations

Configuration Rotor 1 Rotor 2
(Ref. 7) (Refs. 8, 9)

Rotor radius, (m) 0.4064 1.0414
Blade chord, (m) 0.0425 0.0762
Tip speed, (ms−1) 89.3 196.3

to the configuration described in Ref. 7, while Rotor 2 cor-
responds to that described in Refs. 8 and 9; the geometric
parameters for these two configurations are summarized
in Table 1.

Figures 9 and 8 show the maximum predicted diver-
gence rate of the rotor wake as a function of increas-
ing wave number for one-, two-, and four-bladed rotors
operating in hover. These rotors were generally sim-
ilar to Rotor 1 operating at a rotational frequency of
35 Hz and a blade loading ofCT/σ = 0.075, i.e., atCT =
0.0025,0.005,0.010 respectively. The divergence rate,α,
is plotted in Fig. 8, and also in a non-dimensionalized

form asα = α/
(

Γ
4πR2

)
in Fig. 9. It is significant to note

that the hovering rotor wake is unstable for all operat-
ing thrusts, with the divergence rates showing a sinusoidal
type of variation for increasing wave number.

In particular, note that the divergence rates increase
with increasing number of blades. For rotors operating
with the same blade loading (CT/σ), the one-bladed ro-
tor showed the smallest divergence rates for any given
wave number. The dimensional divergence rates (Fig. 8)
are also found to be corresponding smaller. The behav-
ior at larger wave numbers indicates the response to high
frequency disturbances. The increasing growth rates for
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Figure 10: Maximum non-dimensional divergence rates
for one, two, and four intertwining helical vortex filaments

large wave numbers with increasing number of blades
suggest increased susceptibility to instabilities from ran-
dom disturbances, e.g., external turbulence or recircula-
tion in the test facility. This is consistent with the experi-
mental observation that the aperiodicity of a rotor wake
has a tendency to increase with increasing number of
blades (Ref. 11).

The wave numbers corresponding to the extrema in the
divergence rates closely correlate with the number of rotor
blades. It can be seen that a maximum divergence rate oc-
curs at wave numbers equal to half-integer multiples of the
number of blades, i.e., at wave numbersω =

(
k+ 1

2

)
Nb,

for all integerk. On the other hand, a minimum divergence
rate occurs at integer multiple of the number of blades,
that isω = kNb. With increasing wave number, the peak-
to-peak amplitude decreases (i.e., the difference between
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Figure 11: Absolute maximum non-dimensional diver-
gence rate for intertwining infinite helical vortex filaments

maximum and minimum divergence rates decreases), in-
dicating that for very large wave numbers the divergence
rate would be independent of the wave number, as shown
in Fig. 8. A similar trend was reported in Ref. 6 for
the predicted stability of interdigitated infinite helical vor-
tices. Even though an infinite helix is not an accurate rep-
resentation of a helicopter rotor tip vortex filament, a sta-
bility analysis of helical vortices will give a qualitatively
accurate estimation of the stability characteristics of the
rotor wake.

Helical Vortex Filaments

To bring out the close resemblance between the stability of
helical vortices and a rotor wake, non-dimensional growth
rates for helical filaments are presented in Fig. 10. Infi-
nite helical vortex filaments were approximated by con-
sidering ten turns above and below the part of the filament
being examined. The striking similarity between the sta-
bility characteristics of these helical vortices and the rotor
wake (see Fig. 9) is evident from the sinusoidal behavior
with respect to wave number. The growth rates also in-
creased with increasing number of intertwining filaments,
similar to increasing number of blades. Growth rates re-
ported by Gupta & Loewy in Ref. 6 showed a quadrat-
ically decreasing trend with increasing helical pitch,p.
Similar results are shown in Fig. 11 where the quadratic
decreasing trend is seen clearly from the slope of the log-
arithmic plot. The divergence rate also increased with in-
creasing number of helical filaments, as reported in Ref. 6.

Figure 12 shows the same results plotted as a func-
tion of the distance between two adjacent vortex filaments
(= 2πp/N). The results for different number of helical fil-
aments were found to coalesce onto a single curve, indi-
cating that the predominant factor affecting the divergence
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Figure 12: Absolute maximum non-dimensional diver-
gence rate for infinite helical vortex filaments as a func-
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Figure 13: Absolute maximum non-dimensional diver-
gence rate for hovering rotor wake a function of (approx-
imate) separation between adjacent vortex segments

rates is the distance between two adjoining vortices. Two
interdigitated helical filaments are, indeed, equivalent to
a single helical filament with half the pitch, and so forth.
This striking result is expected because the divergence rate
of a normal mode depends on the vortex induced veloci-
ties, which are proportional to the inverse square of dis-
tance from the vortex.

Rotor Wake Vortices

The actual hovering rotor wake also shows a similar be-
havior. The separation distance between two adjacent tip
vortex segments is directly proportional to the mean in-
flow and inversely proportional to the number of blades,
i.e., it is proportional to the blade loading. Therefore, the
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absolute maximum divergence rates are plotted as a func-
tion of

√
CT/Nb in Fig. 13. The results showed the same

nominal trend as suggested by the helical vortex filament
results shown previously. The deviations from an inverse
square trend are because the actual wake geometry does
not have a constant pitch and radius like the idealized heli-
cal case. However, the qualitative behavior is remarkably
similar.

Vortex Pairing Instability

The most unstable mode for the one-bladed rotor is the
ω = 1/2 mode, which corresponds to a sub-harmonic dis-
turbance along the length of the tip vortex trajectory. In
practice, it is known from experimental studies that the
wake generated by a one-bladed rotor is the most stable
to study experimentally. In experimental tests with ro-
tors, the most common physical disturbances affecting the
wake originate from supports, an airframe or other nearby
structures, or slight mistracking of the blades. These dis-
turbances would provide a source of a once-per-revolution
perturbation to the blade(s) and the rotor wake. It will
be seen from Figs. 8 and 9 that the divergence rate for
the ω = 1 mode is a minimum for the one-bladed rotor.
The two-bladed rotor, however, shows a maximum diver-
gence rate corresponding to this wave number, and there-
fore, thisω = 1 wake deformation mode for two-bladed
rotors is the most likely to exhibit an instability.

Theω = 1 unstable deformation mode is schematically
shown in Fig. 14 for a two-bladed rotor wake. Both ra-
dial and axial perturbations are shown with reference to an
equilibrium geometry consisting of two helical vortex fil-
aments with constant pitch and radius. For this mode, the
perturbations for the two filaments are 180◦ out-of-phase

0

50

100

150

200

250

0 180 360 540 720

N
on

-d
im

en
si

on
al

 d
iv

er
ge

nc
e 

ra
te

, α

Vortex age, ζ (deg.)

ω = 0.5
ω = 1.0
ω = 2.0

Figure 15: Variation in non-dimensional wake divergence
rate with increasing vortex age for Rotor 1 in hover

with respect to each other. The vortex from one blade
moves radially inward and axially downward, while the
vortex from the other blade moves radially outward and
axially upward relative to the respective equilibrium po-
sitions. For all perturbation modes withω =

(
k+ 1

2

)
Nb,

the vortex filament perturbations are out-of-phase, and a
local maximum divergence rate is obtained for these wave
numbers. Furthermore, with theω = kNb modes the two
filament perturbations are in-phase and a minimum diver-
gence rate is observed. Therefore, stability of the wake
geometry is seen to be strongly dependent on the rela-
tive phasing of the perturbations of individual vortex fil-
aments. The opposite phasing of the two filaments in
Fig. 14 appears in the form of ‘pairing’ of the two vor-
tices. This confirms that the vortex pairing observed on
two-bladed rotors is a long-wave instability correspond-
ing to the unstable wake deformation mode with a wave
number ofω = 1. Therefore, the vortex pairing phe-
nomenon will most likely be observed in the wake of a
two-bladed rotor, which seems to be confirmed in light of
recent experimental evidence by Martinet al.(Ref. 7) and
Caradonnaet al. (Refs. 8, 9).

It was seen in numerical results that a wake instabil-
ity was originated at a vortex age of approximatelyζ =
2π/Nb = 180◦. Tangleret al. (Ref. 3) have also reported
that the vortex pairing instability originated at approxi-
mately the same vortex age, where the wake has under-
gone a maximum radial contraction. To understand this
behavior, the divergence rates for Rotor 1 are plotted in
Fig. 15 as a function of increasing vortex age for three rep-
resentative perturbation modes. As previously described,
theω = 1 mode shows the largest divergence rate, with a
maximum occurring just afterζ = 180◦. The divergence
rates show a sharp increase at that vortex age. Theω = 0.5



0

0.2

0.4

0.6

0.8

1

0 180 360 540 720 900

N
on

-d
im

en
si

on
al

 d
is

pl
ac

em
en

ts
,  

z/
R

, r
/R

Reference blade azimuth angle, ψb, (deg.)

Radial, r/R

Axial, z/R

Blade 1 (Free-wake)
Blade 2 (Free-wake)
Blade 1 (Experiment)
Blade 2 (Experiment)

Figure 16: Predicted and measured tip vortex locations for
the baseline (tracked) rotor

mode shows a similar qualitative trend but with a smaller
magnitude. Theω = 2 mode shows the smallest diver-
gence rate, which is nominally the same for all vortex
ages. The low divergence rate at early vortex ages explains
the empirical observation that the rotor wake at early vor-
tex ages is mostly free from any instabilities and shows a
steady, nearly periodic behavior. The instability appears
to originate at approximately the location where the ro-
tor wake has undergone a maximum radial contraction, as
hypothesized by Tangleret al. (Ref. 3).

Mistracked Rotor

One possible factor initiating a vortex pairing instability
is a slight mistracking of the blades. This will result in
tip vortices of unequal circulation strength, possibly excit-
ing an unstable deformation mode. Tangleret al. (Ref. 3)
postulated such mistracking to be the cause of asymmetry
of hovering wake, and also the vortex pairing instability.
As an extension of the work of Martinet al. (Ref. 7), a
laser light sheet flow visualization experiment has been
conducted with a deliberately mistracked two-bladed ro-
tor to explore the effects on wake stability. The rotor ge-
ometry and operating conditions were same as Rotor 1,
with one blade set at 1◦ lower pitch angle. The results are
shown in Figs. 16 and 17. For the baseline (tracked) ro-
tor, the vortices did not exhibit pairing up to a vortex age
of about 900◦, as shown in Fig. 16. However, for the mis-
tracked rotor, the vortices formed a pair at a blade azimuth
of approximately 540◦, which is the azimuth where the
two vortex trajectories can be seen to intersect in Fig. 17.
In both cases, the predictions using the free-vortex wake
model show good agreement with the experimental re-
sults; in particular, the early tip vortex pairing observed
with the mistracked rotor is very well predicted.
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Figure 17: Predicted and measured tip vortex locations for
the mistracked rotor

One important difference between the wake geometries
of the baseline and tracked rotors is the asymmetry of the
rotor wake. The laser light-sheet flow visualization does
not bring out this asymmetry because the measured tip
vortex locations can only be obtained up to a vortex age of
about 900◦. The schlieren results in Ref. 3 show that the
wake is symmetric for about two rotor revolutions below
the rotor, while the far-wake is highly asymmetric. The
numerical results predict a distinctive asymmetry for both
equilibrium and unsteady (transient) wake solutions.

This asymmetry is evident when the results shown
above are plotted again in the form of tip vortex trajec-
tories in a fixedr−zplane. The baseline results in Fig. 18
showed that the two vortices followed almost identical tra-
jectories near the rotor plane. However, further down-
stream from the rotor the two tip vortices followed differ-
ent trajectories showing evidence of vortex pairing. This
was observed during the wake visualization experiments,
however, the increased aperiodicity of the wake in this re-
gion did not allow accurate measurements of the tip vortex
displacements.

The predicted wake geometry remains symmetric even
in the far wake region, where vortex pairing is evident on
both sides of the rotor wake. For the mistracked rotor,
the two vortices follow different trajectories much closer
to the rotor plane, as shown in Fig. 19. This leads to an
earlier onset of the pairing instability, and suggests an in-
creased susceptibility to instabilities. The other important
difference is the asymmetry of the trajectories in the far-
wake caused by unequal tip vortex strengths. Based on
classical vortex dynamics considerations, the asymmetry
may be caused by the weaker vortex rotating around the
stronger vortex during pairing.
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Effect of Rotor Operating State

Tangleret al. (Ref. 3) observed empirically that the vor-
tex pairing occurred further away from the rotor with in-
creasing collective pitch angle, or rotor thrust. A similar
observation is reported by Caradonnaet al. (Refs. 8, 9)
with increasing collective pitch as well as with increasing
climb rate. Figure 20 shows the effect of increasing rotor
thrust on the calculated divergence rate of a hovering rotor
wake. These results are calculated for Rotor 2 (Refs. 8,
9). The divergence rate for a given wave number was
found to decrease with increasing thrust, that is the wake
was less susceptible to instabilities. A less strong insta-
bility indicates that any unstable deformation mode will
grow more slowly. Therefore, the vortex pairing will be
observed at a greater distance downstream from the rotor
disk, as has been observed in experiments (Refs. 8, 9). It
must be noted that the wake generated by Rotor 2 shows
as smaller divergence rate in hover compared to that for
Rotor 1, suggesting that the wake geometry is less unsta-
ble. This appears to contradict the experimental obser-
vations because the rotor wake observed in Refs. 8 and 9
exhibited a strong, repeatable pairing phenomenon. These
differences may be because of different sources of distur-
bances inherent to the two experimental set-ups in Ref. 7
and Refs. 8 & 9.

The wake instability is a result of the vortex induced ve-
locities and, therefore, depends on both the vortex strength
and separation distance between two vortex filaments. As
rotor thrust increases, both the strengths of the vortices
and the axial spacing between two vortex filaments in-
crease. Increased vortex strength implies increased diver-
gence rate, while increased axial spacing between the vor-
tices implies a decreased divergence rate. Note that the ve-
locity induced by one vortex element at another is directly
proportional to the vortex strength, but inversely propor-

-1.5

-1.25

-1

-0.75

-0.5

-0.25

0

-1 -0.75 -0.5 -0.25 0 0.25 0.5 0.75 1

z/
R

x/R

Blade 1 (Free-wake)
Blade 2 (Free-wake)
Equilibrium
Blade 1 (Experiment)
Blade 2 (Experiment)

Figure 19: Predicted and measured tip vortex locations for
the mistracked rotor

tional to their separation distance. Therefore, the separa-
tion distance between adjacent vortices plays a more dom-
inant role than the vortex strength in determining the sta-
bility of the rotor wake geometry.

Figure 21 shows the effect of climb rate on the sta-
bility of the wake computed at (a) constant rotor thrust
of CT = 0.004, and (b) constant collective pitch angle of
θ0 = 11◦. The rotor geometry in this case corresponds to
Rotor 2. In both cases the divergence rates decrease with
increasing climb rate, therefore, vortex pairing would take
place further downstream in the wake away from the ro-
tor. This is consistent with the trend reported in Refs. 8
and 9 for a constant collective pitch. In the first case, the
tip vortex strengths remain nominally constant, while the
axial separation distance between two vortex filaments in-
creases with climb rate. A significant reduction in diver-
gence rate is seen during the transition from hover to a
small climb rate, but with successively smaller reductions
at higher climb rates. In the second case with constant col-
lective pitch, the rotor thrust and the tip vortex strengths
decrease with climb rate, while the axial separation of the
vortex filaments increases only relatively slowly. In this
case, the wake divergence rates gradually decreased with
increasing climb rate. This supports the previous obser-
vation that the wake stability is dependent predominantly
on the axial separation distance between adjacent vortex
filaments.

The vortex pairing phenomenon is, therefore, an inher-
ent rotor wake characteristic and is a naturally unstable
deformation mode of rotor wakes in axial flight. This also
implies that in the absence of any perturbations the wake
geometry remains in its periodic, equilibrium state. How-
ever, in experiments various physical disturbances inher-
ent to the experimental set-up may provide the conditions
necessary to excite the equilibrium wake geometry and
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Figure 20: Effect of increasing rotor thrust on the maxi-
mum divergence rates of the wake for Rotor 2 in hover

cause it to become unstable. In computational results, it is
the numerical truncation and round-off errors that poten-
tially lead to the instability. It is interesting to note that the
same unstable mode is excited because of different distur-
bances.† For a two-bladed rotor, theω = 1 mode is the
first unstable perturbation mode, that is the mode corre-
sponding to the smallest wave number and to a maximum
divergence rate. This mode is the most predominant in
response to small disturbances of different origins.

Free-Vortex Wake Numerical Issues

These empirical wake stability characteristics also give in-
sight into understanding the differences shown between
‘relaxation’ and ‘time-accurate’ free-vortex wake meth-
ods, as shown previously in Fig. 1. The results in Fig. 9
show that forω = kNb perturbation modes the wake di-
vergence rates are the smallest; that is, the wake geome-
try is least unstable. Relaxation based free-wake methods
such as the PIPC scheme allow only theseω = kNb per-
turbation modes to arise from numerical errors because
periodicity conditions are imposed on the wake geometry.
Because these perturbation modes are the least unstable,
such numerical errors in the solution do not grow signifi-
cantly with the number of wake iterations. Therefore, re-
laxation free-wake solutions usually appear free from any
apparent instabilities.

Conversely, transient or time-marching free-wake so-
lutions (which do not enforce periodicity) allow distur-
bances in the form of all modes. Therefore, the smallest
unstable mode is predominantly excited, and these solu-
tions usually show an instability mode closely resembling

†This is analogous to the first natural mode of a vibrating
beam, which is the predominant response to arbitrary small dis-
turbances.
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Figure 21: Effect of increasing axial climb rate on maxi-
mum wake divergence rates for Rotor 2 with (a) constant
thrust,CT = 0.004 (b) constant collective,θ0 = 11◦

theNb/2 wave number. However, note from Fig. 1 that the
PC2B algorithm does not exhibit these instabilities. The
reason for this behavior lies in the truncation errors in the
PC2B difference scheme, which provide a higher numer-
ical viscosity thereby causing the numerical disturbances
to dissipate (see Appendix).

Numerical truncation errors in free-vortex wake
schemes may provide the perturbations to the equilib-
rium wake geometry, which will manifest as some form
of wake instability. These instabilities, in many cases,
may closely mimic the physical instabilities observed in
experiments. Many free-vortex wake solutions have been
found to exhibit a wake instability in hovering flight, i.e.,
the wake geometry did not converge to an equilibrium
solution (Refs. 13, 18, 22). The instability becomes ev-
ident in the form of mutual interaction of vortex fila-
ments, which often results in long-wave disturbances on
the vortex filaments, and ultimately in a form of vortex
pairing. While similar instabilities have also been ob-
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Figure 22: Effect of wake discretization on the stability of
a numerical wake solution. Rotor 1 in hover,CT = 0.005

served in sub-scale rotor wake experiments (Refs. 2, 3),
these instabilities were generally not as severe as those ob-
served in free-vortex wake analyses (Ref. 29). Subsequent
research has demonstrated that many of these numeri-
cal instabilities can be overcome through the use of im-
proved numerical methods for solving the wake equations,
e.g. semi-implicit (Ref. 20) or pseudo-implicit meth-
ods (Refs. 21, 23–26), and influence coefficient based
methods (Refs. 18, 22).

In most numerical or computational studies a physical
instability refers to the natural, inherent instability of the
solution. A numerical instability, typically, refers to a
non-physical instability that is not inherent to the solution,
but is caused because of the numerical method itself. Be-
cause the hovering rotor wake is inherently unstable, any
instabilities seen in numerical results are often regarded
as physical instabilities. However, this may not always be
the case. It is important to remember that the rotor wake is
‘unstable’ implies that it is in ‘unstable equilibrium,’ i.e.,
the wake structure would remain in this state of unstable
equilibrium until it is disturbed because of some external
disturbance. An instability is the behavior of the wake
caused by such a disturbance to an unstable equilibrium
state. Therefore, instabilities observed in experiments im-
ply that the equilibrium wake structure is unstable, and
also that external disturbances are present in the flowfield.

Numerical results, such as those presented in the previ-
ous sections, show that the numerical solution is unstable,
similar to the real wake geometry. However, the numerical
solution may not exhibit an instability. This is because no
disturbances are being explicitly modeled in the numeri-
cal scheme, and in the absence of any such disturbances
the wake must remain in a state of unstable equilibrium.
Physical instabilities, such as observed in experiments,
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Figure 23: Effect of increasing number of free-wake turns
on the stability of the numerical wake solution. Rotor 1 in
hover,CT = 0.005

may be obtained in numerical simulations by explicitly
modeling disturbances in the flowfield. In the absence
of such disturbances being modeled, any instability in the
numerical solution is non-physical. Instabilities resulting
from disturbances in the form of truncation/round-off er-
rors implicit in the numerical scheme must, therefore, be
regarded as a numerical instability. Such numerical er-
rors are almost always present in numerical analyses, and
may potentially disturb a solution in unstable equilibrium.
Therefore, a proper choice of numerical algorithm is nec-
essary to avoid numerical instabilities.

Because the disturbances leading to the instability ob-
served in the PCC wake solution are of a numerical origin,
this numerical instability will be dependent on various nu-
merical parameters such as wake discretization, far-wake
truncation, and even the viscous vortex model. Figure 22
shows the influence of wake discretization on the diver-
gence rates of a hovering rotor wake. The wake geome-
tries are obtained for the two-bladed rotor (Rotor 1) us-
ing four turns of free-vortex wake. The divergence rates
showed a slightly decreasing trend with increased grid res-
olution (higher fidelity discretization). The rotor operat-
ing conditions were identical in all the cases, and there-
fore, the strength of the tip vortices were nominally con-
stant. The differences in divergence rates must then be a
result of different vortex separation distances. This is be-
cause of the second-order errors in the induced velocity
computations. With improved grid discretization, the in-
duced velocity is computed with smaller errors, and so the
tip vortices exhibit slightly different axial displacements.
Because the divergence rates (like the induced velocities)
are inversely proportional to the separation distance, small
variations in vortex separation distance are reflected in the



wake divergence rates.

Another source of potential errors results from the vor-
tex wake truncation at the far-wake boundary, that is,
well downstream of the rotor toward infinity. In a prac-
tical sense, free-vortex wake calculations must always be
performed with a finite number of free wake turns. Be-
cause of this finite wake truncation, small errors are in-
troduced in the induced velocity calculation at each col-
location point. Although these errors are usually much
smaller than the precision required for engineering anal-
ysis of rotor performance and blade loads, they may af-
fect the wake stability and may lead to the initiation and
growth of an artificial vortex pairing instability. This in-
stability may, in turn, adversely affect blade airloads and
rotor performance predictions.

To show this latter effect, the wake geometry was com-
puted using 2, 4, 6 and 8 free-wake turns, and the di-
vergence rates corresponding to these cases is shown in
Fig. 23. Note that the divergence rates show some sen-
sitivity with fewer number of free-vortex turns of the
wake. However, the discrepancy decreases as the num-
ber of turns are increased; the divergence rates for 6 and
8 free turns are almost identical. As the divergence rate
decreases, the pairing between individual vortex filaments
would occur further downstream in the wake below the
rotor.

It can be seen from Figs. 22 and 23, that the numerical
errors are minimized by using a finer wake discretization
or larger number of free turns, leading to smaller diver-
gence rates. Therefore, the amplitude of the numerical
instability will be smaller when the numerical errors are
smaller. This will result in a delayed onset of vortex pair-
ing, as shown in Fig. 24. It can be seen that in all cases, the
wake instability initiates at about a vortex age ofζ = 180◦,
where the trajectories of the two vortex filaments separate
from each other. The magnitude of the instability grows
more slowly with a larger number of free-wake turns, as
can be seen from the increasing azimuthal location of vor-
tex pairing, that is, where the two vortex trajectories inter-
sect each other. This is consistent with the smaller wake
divergence rate as predicted using the eigenvalue-based
stability analysis. Increasing refinement of the discretiza-
tion also results in a similar trend. These results confirm
that this vortex pairing is indeed a numerical manifesta-
tion of the wake instability and, therefore, can be modi-
fied by controlling the numerical parameters. Because the
initial deformation leading to the instability (i.e., a pertur-
bation to an equilibrium wake geometry) will be different
in experimental tests and numerical results, an agreement
between the two may, in some cases, be entirely fortu-
itous.
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Conclusions

An eigenvalue analysis has been developed to study the
stability characteristics of helicopter rotor wakes in hover
and axial climb. A hovering rotor wake was shown to be
unstable for all perturbation modes, but the wake stabil-
ity improves with increasing rotor thrust or climb veloc-
ity. The mutual vortex interactions, such as the tip vortex
pairing often observed experimentally, were shown to cor-
respond to a unstable long-wave deformation mode. The
specific conclusions drawn from this study are:

1. The wake divergence rate showed a rapid increase
at a tip vortex age corresponding to the first blade
passage, i.e.,ζ = 2π/Nb. This suggests that the ro-
tor wake is relatively stable while it is undergoing
the initial radial contraction, as confirmed by experi-
ments.

2. The divergence rate for an unstable deformation
mode decreases with increasing rotor thrust. The in-
creased tip vortex separation distance (or the helical
pitch) has a stronger influence on the wake stabil-
ity characteristics. Therefore, the divergence rates
also showed a decreasing trend with increasing axial
climb velocity.



3. The vortex pairing phenomenon, as sometimes noted
in rotor experiments and numerical solutions of the
rotor wake, is recognized as a long-wave (ω = 1) in-
stability mode of the wake. This instability manifests
in experiments because of various inherent physical
disturbances. In numerical solutions, these distur-
bances have their origin in truncation/round-off er-
rors, as shown by its dependence on numerical pa-
rameters like discretization level and number of wake
turns. Therefore, agreement between experiments
and numerical results is not always possible, and
many otherwise good correlations may often be for-
tuitous.

4. The relaxation free-vortex wake algorithms converge
to equilibrium (periodic) wake geometries, while
time-accurate algorithms, typically, exhibit instabil-
ities. By enforcing periodicity, the relaxation al-
gorithms allow onlyNb-per-revolution disturbances.
Because these disturbance modes are least unsta-
ble, the periodic wake algorithms (like the relaxation
methods) are generally not susceptible to wake insta-
bilities. However, by a proper choice of numerical al-
gorithm it is possible to obtain a time-accurate wake
solution that is free from any artificial (non-physical)
instabilities.
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Appendix

The free-vortex wake geometry is a solution to the wake
governing equation

∂~r
∂ψ

+
∂~r
∂ζ

=
~V(~r)

Ω
(A-1)

The discretized rotor wake problem consists of dividing
the curvilinear vortex filaments along their length into a
number of straight-line elementary vortex segments, and
applying the governing equation at each collocation point
on these vortex segments. These equations are then solved
numerically by approximating the partial derivatives on
the LHS of Eq. A-1 with finite difference approximations.

The velocity source term on the RHS of Eq. A-1 is eval-
uated by evaluated by discretizing each vortex filament
using a standard straight-line segmentation. The induced
velocity is now obtained by exactly integrating the Biot-
Savart law for each straight-line vortex segment as

~Velement=
Γv

4π
h

(r2n
c +h2n)1/n

(cosθ1−cosθ2)~e (A-2)

Now, the total velocity at a collocation point is evaluated
by performing a summation over all the vortex elements.
The velocity at the mid-point of a grid cell is obtained by
averaging the velocities at the four collocation points of
that grid cell.

~̃V =
1
4

[
~V
(
~r(ψ+∆ψ,ζ+∆ζ)

)
+~V

(
~r(ψ+∆ψ,ζ)

)
+~V
(
~r(ψ,ζ+∆ζ)

)
+~V

(
~r(ψ,ζ)

)]
(A-3)

This averaging procedure is second-order accurate and,
therefore, for both the time-marching algorithms the RHS
is evaluated up to a second-order accuracy.

Both PCC and PC2B algorithms use a five-point central
difference scheme for evaluating the spatial (ζ) derivative.
This is given by

Dζ~r(ψ +1/2∆ψ,ζ +1/2∆ζ) = (A-4)

~r(ψ+∆ψ,ζ+∆ζ)−~r(ψ+∆ψ,ζ)+~r(ψ,ζ+∆ζ)−~r(ψ,ζ)
4∆ζ



The PCC algorithm uses the same scheme for evaluating
the temporal derivative, i.e.,

Dψ~r(ψ +1/2∆ψ,ζ +1/2∆ζ) (A-5)

=
~r(ψ+∆ψ,ζ+∆ζ)−~r(ψ,ζ+∆ζ)+~r(ψ+∆ψ,ζ)−~r(ψ,ζ)

4∆ψ

The PC2B algorithm uses a 2nd-order backward difference
scheme. The 2nd-backward approximation for the partial
derivative at a point(ψ +1/2∆ψ,ζ) is given by

D̃ψ~r(ψ +1/2∆ψ,ζ +1/2∆ζ) (A-6)

=
3~r(ψ+∆ψ,ζ)−~r(ψ,ζ)−3~r(ψ−∆ψ,ζ)+~r(ψ−2∆ψ,ζ)

4∆ψ

The time-integration algorithms can now be constructed
using these approximations along with the discretized in-
duced velocity calculations. The PCC algorithm is written
in the form

(
Dψ +Dζ

)
~r = ~̃V(~r)

∣∣∣
~r(ψ+∆ψ/2,ζ+∆ζ/2)

(A-7)

where~̃V denotes the averaged induced velocity at the cell
mid-point~r(ψ+∆ψ/2,ζ+∆ζ/2), as given by Eq. A-3. Simi-
larly, the PC2B algorithm is given by

(
D̃ψ +Dζ

)
~r = ~̃V(~r)

∣∣∣
~r(ψ+∆ψ/2,ζ+∆ζ/2)

(A-8)

The five-point central difference approximations used in
the PCC have the special property that for equal dis-
cretization alongψ andζ, the truncation errors from the
LHS of Eq. A-7 cancel each other. Therefore, the solution
accuracy is determined by the second-order accurate eval-
uation of the RHS velocity terms. The second-order back-
ward difference approximation used in the PC2B scheme
results in truncation errors from the LHS of Eq. A-8.
However, these errors are of a higher order and the overall
solution accuracy is second-order accurate. The additional
truncation errors, in particular term dissipative terms, are
important in containing the growth of non-physical nu-
merical errors.


