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1 Ordering

Length Scale
e Macroscopic Length L: might be size of plasma, or the density gradient length n=|Vn]|.
e Microscopic Length % the Larmor radius (usually the ion Larmor radius %).

We use these length scales to define the fundamental small parameter of the theory:
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Time Scale
There are three basic frequency scales:
e The fast ion cyclotron frequency: €2
e The medium frequency: ! = vy, =L ~ 2Q. This is roughly the frequency of the turbulent fluctuations and

the rate at which particles sense the inhomogeneity.
e The slow transport rate: 1=¢ = (v =L)22 ~ 23Q).

We split the distribution functions and fields into slowly varying (in time and space) equilibrium parts and
fast varying fluctuating parts. We expand the distribution functions and fields in terms of 2,
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fO =y, BO|=Bgandn=1;2;3;---.

Slowly varying equilibrium

The equilibrium varies in space on the macroscopic length scale and in time on the transport time, i.e.
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Fast spatial variation of fluctuations across B ©

The variation of the fluctuating quantities across the magnetic field is on the microscopic length scale, i.e.
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where by = B (9 =By is the unit vector along B @ . Or, shortly
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Slow spatial variation of fluctuations along B ©

The variations of the fluctuating quantities along the magnetic field is on the macroscopic length scale, i.e.
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Medium time scale variation of fluctuations
The fluctuating quantities vary on the medium time scale, i.e.
1 )l l
@ olwrt' @8 Fvesm ' @E | Fuae (14)

@t L ' @t L ' @t L
Collisions act on the medium time scale

We make this specific ordering of the collision rate that is consistent with the physical situations we wish to
describe 3 v ’

° O f“ : (15)

These orderings have the simple consequences for the fluctuations. Specifically, the typical perpendicular

flow velocity, roughly the E x B velocity, is of order 2vy,. Note that Vf ~ O(Vf©@) —ie. the perturbed

gradients are comparable with the equilibrium gradients. Thus the fluctuations can locally flatten the gradients

driving the turbulence.



2 Potentials

Consider Faraday’s law,

@:—VXE: (16)
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From the ordering the left/right hand side is ordered as,
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~O(IB o) + OB o) + O3B o) + O(2?1B o): (18)

Thus, from the leading order, the dominant electric field must satisfy V, x E® = 0, which means that we can
write

EW = -V, A (19)
The largest part of the electric field is electrostatic. Here, the order of A is
3 .

AvO vED Ol 2By): (20)

We write
A=AD L A® ... (21)

We shall need the inductive part of the electric field to get the dynamics right. It is therefore convenient to
write the field in terms of the scalar and vector potential,
C,
*E = -VA- — 22
= (22)
B =V xA: (23)

The leading order of A also starts from the second order of 2,

A ~ O(¥22By) ~ O(?’LBo): (24)

Then, we write
A=A® L aAB® L. ... (25)

In summary,

EW = _v,A? (26)
E@ = vA® v, A® 1 @2‘; (27)
B® =v, xA® (28)
B@ =phyx Vi(AP £V, xAG): (29)



For definiteness, we use the Coulomb gauge, V - A = 0, which yields V, - A> = 0 to the order we keep. Thus,
we write

A =Aibg +A> =Agbg + V7 » x by; (30)
where
A ~ O(?LBy); A, ~O(?’LBy); »~ O(23L°By): (31)
B =V XA =V, xAby+V> xA>, +|b0 X{VKA}
—_
O(22By)
=V» Ay x by +f-\ka x by +Vo x (Vs » X bg) + O(22B)
=V, Ax X by + |V? »(YZ? . bO? —bo(V7 - Vo ») + Fbo . V{£ %) i)_ FV? )){ZV? )b? +O(2250)
O(22Bo) =0 0O(?2Bo)
=V> A X bg — V?) »by + (9(2280): (32)
Then,
BY =v,AP xby; BMY = -v3»3: (33)

For the electric field £ = —VA — @\ =@t we have

@%
@t

We note that the inductive part of the parallel electric field is comparable to the electrostatic part. The inductive
part of the perpendicular electric field is, however, small compared to the electrostatic part. It must be kept
because it yields a compressive part of the E x B velocity and a net acceleration as a particle goes around a
gyro-orbit. This sounds a bit cryptic, but it will be more apparent in the derivation of the gyrokinetic equations.

The key reason for introducing the potential is that we reduce the quantities from six scalars, the components
of #E and #B , to three, A, Ay, and » (or equivalently +By). We need to extract three equations from Maxwell’s
equations for these three unknown fields in terms of current density and charge density. It is trivial to show that
the displacement current is small in this ordering (v, =C < 1). The appropriate equations are then, Poisson’s
equation and two components of Ampere’s law.

ED = v, A?; EP = v, A® _v, x by, EP = -V, A®
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Poisson’s equation

Since to dominant order V - £ = —V?2A
24 1
VA= —%(qni —eng) (35)
where N; and Ne are the ion and electron densities. Comparing the both sides, we get
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Note that Q=!, =, p=%= va=C= --- (! ;i is the plasma frequency, , p is the Debye length, and va is the

Alfvén speed. All quantities are evaluated for ions). When K}, 1~ 1is long compared to , p one can drop the
left hand side of Poisson’s equation and obtain quasi-neutrality — i.e. gn, = ene.



Ampere’s law

VxB =VxBg+ Vs, x (V?Ak Xbo—l—inbQ)—‘rFo X{VkiB}
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For the parallel component, we have
bo -V x Bo+ V2AK = —1oJi = —Lo(qn;V; — eneVe) - bo (38)

where V; and Ve are the mean ion and electron flow velocities. Taking bgx yields the perpendicular component

bo x (V x Bg) + V2 By =1 bg x (qniVi — engVe): (39)

3 Gyrokinetic particle motion

Before we derive the gyrokinetic equation, we look at single particle motion in the gyrokinetic ordering. First,
we define the gyro-center position by a vector version of the simple uniform field (slab) result.

The exact gyro-center position is not actually a well defined quantity. However to lowest order and first
order our ordering shows that the slab result is appropriate — i.e. the particle orbit looks locally to be like the
orbit in a uniform field. The local gyration velocity measured at the gyro-center position R is given by the local
radius and the local gyro frequency,

V =Yax - = Qolex bO (40)

where by = bo(r) is the local unit vector along the field line, and ¢ = gBo(r )=m is the local gyro-frequency.
We define a transformation from the particle coordinate (r;Vv) to the gyro-center coordinate (R;V ),

V X bo
Qo (41)

S R(r;v)=r —%=r +
. V(r;v)=v

This transformation to the gyro-center coordinate is sometimes called the Catto Transformation after its inven-
tor. The inverse transformation is given by

8
< r(R;V) =R — Y xbo
. Qo (42)
V(R;V) =V
Note that since the equilibrium field varies in the macroscopic scale,
U
vV x b v x b
bo(R) = by % © =bo(r) + QOO Vb (r) =bo(r) + O(2): (43)
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We define the perpendicular, v, , and the parallel, vy, velocity, and the gyro-angle M with respect to the
equilibrium field from the expression

V = Vgby + Vo (cospex + sinpey) = vbg + Vo €5 : (44)

where (ex, ey) and (e, , e,) define the Cartesian and the cylindrical coordinate, respectively. e, x e, = by,
ex ><ey:b07 and u ﬂ H ﬂu ﬂ
€  cosp sinlh  ex |

e (45)
eu —sinl cosgd ey

Those unit vectors vary with the equilibrium field on the macroscopic, L, spatial scale and the slow, ¢, time
scale. We consider the time scale of particle motion. The time derivative of v gives

dv _dvi o dby dve o dey
at —dt " ar T oat M ?dtu q
dvy dv, dp 1
_ b ? “H - . 4
e o+—dt ey + Vo dteu+0 CVth ; (46)

while, from the right hand side of the equation of motion,
%(iE +VvVxBg+Vv x1B ) =gV, €7 X bg —i—O(thhQ)

=—QoV» ey + (’)(zvth Q)I (47)
Thus, the time scale of the parallel motion is at most 2€) order. For the perpendicular components, we have

— = —Q + 0(2Q): (48)

Of course, the time scale of the gyro-motion is 2 order, and fastest.
Now, we consider the evolution of R. We differentiate Eq. (42) with respect to time

R _dr v by dMb!
dt dt  dt T Qo dt Qo
q bo lJbOﬂ
=V EE +V xBotvxB)x g +V X (V-V) g (49)
where
P T - M 50
dt Qo @€ dt@ Qo Qo '
To order 2, R h M M b 19
T by o+ (2E +8) x 2 v 1
dt Y-Tz-?ﬂ VB g, TV VIV g, o
O (v ) {7 }

O(%v)

The dominant motion is along the field lines and the cross field motion comes from the perturbed fields and the
inhomogeneity of the equilibrium fields.



We wish to know the motion of the gyro-center, R, over the medium time scale (times of order L=vy, ). The
right hand side of Eq. (51) oscillates on the fast time scale Qi * but when we integrate the perpendicular motion
this averages out. The gyro-average (ring average) at fixed R is defined by
Z 2V, U- ﬂ

: Vit de: (52)

ZQTAlO QO

(A(r;vit))r

In Eq. (52) the © integration is done with keeping R, V5 , and V fixed. Thus this gyro-average is an AVERAGE
OVER A RING CENTERED ABOUT R OF RADIUS V, =()g. By taking the gyro-average of (51), the gyro-
center motion as the motion of this ring obeys
¢ rA é A ¢ H oo 1A

— = (vb +E +v x B — Vvx vV — : 53

i, (ikbo)r + (2E +V x )XBOR+ % A (53)
As we will see later we need to keep O(Vin )/ O(2vy, ) for the parallel/perpendicular component. With keeping
in mind that we evaluate each term. From the first term we simply omit the angle bracket,

(Vikbo(r ))r = (Vk(bo(R) + O(2)))r = Wbo(R) + O(3vin ): (54)
Using the potentials, we have
2} il
1E +v x B = —VA+%[ +vx(VxA)= —VA—%+V(V-A)—(V-V)A = —VA—%—V-A; (55)

where the gyrokinetic potential is defined by A= A—v - A. Note that the spatial derivatives are taken with v
kept constant. Then, the second term becomes

é A A 1
(xE +V ><iB)><E = —Vr_;A—dA? XE
Bo n dt Bo & )
* +

A @\?§ bo(R)

= —Vo A— -VoAa —Vi-ViAs — X 1+ 02

%l ? }k/; ? T}I k k{7? @ Bo(R) ( ()
O(nBo) 0(2vaBo) R
~ R
=<—V?A—V7 - Vo A?>R X bO( ) +(’)(22vth): (56)

Bo(R)

We now show that v, - V, A term vanishes by averaging. Consider the © component of @=¥@
H 1

@ @ @ b @ @ bhh, @ @ 1
— =V - —=Voy- — — — X— =——Vo(yX —) —=——— (Vs -Vo)! 57
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Then, adding —Qp@\ >, =@ =0 to V, - A, , we get
¢ @ A c',@\ A
<(V?~V7)A?>R: (V? ~V?)A?fQo @L R**Qo @; R:(): (58)
Thus to order 2, we have : A
(#E +V x #B) x oy, (A)r x bo(R) (59)
Bo & ' Bo(R)



Next, we evaluate the third term. Substituting the expression (44), we have

Ub'ﬂ noo |

VX(V‘V) -0 :(ka0+V?e?)X((kao-i-v?e?))'V) —
Qo Qo
_\2 bo o bo
—vkbox(b0~V)—+v?e? x(e? V)f
. Qo Qo
bo bo *
+WVo e x (bp-V)—+bgx (e -V)— :
Qo Qo
R
Obviously, VgV, terms vanish by gyro-average €, d© = 0. For the first term,
H bo 1 MM 1 1 1 1 bo
bg x (boV)ﬁo = bg x boVQfo b0+ﬁo(b0'v)b0 :ﬁox(bO'V)bO:
From the third term,
H )l
e, X (e V)E = € Vi €r Xbo—l—ie'; x (€2 - V)b
7 7 N 7 N . 0" 2
_oepx bg - VBo i
T By (—ey) + 0% e, x (e, - V)b

by x VBg 1 )
:e“ep . W + 97097 X (67 . v>b0

Note that since |bg|> = 1
(e? . V)|b0|2 = 2b0 . (e? . V)bo =0:

Thus, we can write
(€2 -V)bg = ®e, + ey

where

=ey- (er - V)bo ~ O(lZL)Z
Then, we take the gyro-average of Eq. (60),

¢ H IA e A ¢ 2 A &2
vx(v-V) — = V2= x(bp-V)by + eye - —=—byx VB + 2—b
( ) QO R kQO (0 ) 0 . peup QOBO 0 0 . QO (0]
bo(R) V.2
=V2 x (bp(R) - V)bo(R) + =——=2—-bo(R) x VBo(R) (e,€
k QO(R) ( 0( ) ) 0( ) QO(R)BO(R) 0( ) 0( )< M |J~>R
+ V?2_ b (R)
QR)
Gyro-average of e,e, tensor is
x* 0 ) 1,
sin® © —sin®cos® 0 1
(epeu)g = @—sinOcosO cos? © 0A =—1:
0 0 0 2

(66)

(67)



R
where | is the identity tensor, and we have used
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1 1
s .2 _ L 2 _ 1 - — 0
Wi 4 sin® ©dO Wi 4 cos” ©dO > Wi, sin © cos ©dO = 0: (68)
In summary, the third term in (53) becomes
i M Ho TTA _

b V2 by V2

Vx vV 2 V222 x (bg - V)bg + =2 — x VBg + ~2—by; (69)
Qo R 9] 2Bg Qo | _{)Z_}

O(*vin)
and the gyro-center motion is given by
A
“dR @Ar

b
= Vb, + V2
a . Y @R Bo K Qo

2 by
280 Q%

x (bo - V)

x VBo: (70)

We have ignored V,, =Qp < Vk. The physical meaning of each term is
e Vibg: parallel motion along the equilibrium field.

—(@A)R )=(@R) x bp=By: the ring averaged E x B drift.

(@vkAk)r )=(@R) x bp=Bg: the correction due to motion along the ring averaged tilted perturbed field
line.

(@v-, - A, )r)=(@R) x bp=By: the ring averaged perturbed VB drift.

V2(bo=) X (bo - V)bo: the curvature drift in the equilibrium field.
o (V2=2Bg)(bp=f) x VBg: the VB drift in the equilibrium field.

Note that the perpendicular drifts, both equilibrium and perturbed, are O(?vy ) in the gyrokinetic ordering.
This is because although the perturbed fields are small they vary on the micro scale. We therefore keep them
on an equal basis.

To complete the derivation of the particle motion we need the equations for the variations of v, and vy.
The variation of energy , £ = 1=2mv? + gA is

H 1 H 1
e - dv dA @\ @A . @A
5* +th qv - VA—@+va +q — +v-VA 7q@{A v-A)= @t

at (71)

Note that since V is a coordinate (independent variable), it does not depend on t. * In a medium time scale,

d A @
at  ~Yat

é
A>R . (73)

1in the Hamiltonian dynamics sense, E=(pi gA(r;t))2=2m + gA(r;t) is the Hamiltonian and its change is

EE(rvt)_@ rE NE_ Q. _piA, B @A @A
@ dte da et m et  Yat Yer

(72)



The order of the change rate of ()g is

& A M 1
1”@ q@, . q! (22L21B o)
- = = ——(A ~ DL S 2| ): 4
ol .~ rglhn S o) &
We also define the magnetic moment
ALY (75)
~ 2Bo(R)
Its variation is
) b f
dl _mv, dv, n mvs; 1 dBg
dt 2By dt 2 BZ dt
0 0 0 1
u 1
__a . '_@ + _17 @ . §
_ZBOV? VA @t+V? xBg+Vv xiB By | } +v -VBg
0(22!B o)
9 v, A_ 9, @ a Wy — v 221
= 2BOV? Vo2 A |ZBOV?{Z @[}—I—QBOV? vibo x 1B » BOV? VBo—I—O( ! )
o )
-_ 1 Vo - Vo At % Vo ‘V’)Ak_LVO -V2Bo+ 0" ): (76)
2By ) 2By ' By '

We have used Vi¢Bg = 0. All terms having v, -V, is ~ O(!t ). However, when we take the gyro-average, those
terms vanish. With keeping in mind that Bo(R) = Bo(r) + O(2Bg), and A, Ay, and Bo(r) does not depend on
K,

¢q A q © e’  qu¢ @ *
1 -_ 1 . A Oy —=A AL . — 0=
at . QBO' v, - Vo A Qo@ﬁ\ . + ZB?I Vo - Vo A!( Qo@ﬁ\k -
. cH @ A
—5. V2V Bo(r)—QO*Eo(f) (1+002))
(U A , , A R
¢ A e e A
_ 9 @A Qi - @A o8B +O@L ) =01 ) (77)

- — [ + —
28O @ R 2BO @ R B0 @ R
Thus, to the leading order O(!* ), the magnetic moment conserves in the medium time scale,

mv3
1= 28?0 = const: (78)

To the order that is required, Egs.(70), (73), and (78) provide a set of equations to find the particle orbits
and the energy variation. We see later how this enters the kinetic equations.

4 Ordered Fokker-Planck Equation

The full gyrokinetic equation in general geometry is far too complicated. Here, we will derive the equation in
a slab geometry with equilibrium variation along one spatial axis— i.e. f©@ = fg(xs), B© = Bg(xs)z. We
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shall take the plasma to be periodic in y and z and the turbulence will be excited by some kind of antenna
(the stirring must be homogeneous averaged over the medium time scale). We start with the Fokker-Planck
equation.

The Fokker-Planck equation,

d @ q @~
af @{—FV Vi + — (E+VXB)-@f—C(f,f) (79)

where C(f; f ) is the collision operator. Using the gyrokinetic ordering stated previously, we explicitly write the
order of each term relative to vy, fo=L,
0

u@t @ﬂ—{z— Y Y H@t*HrB}W_{?

1

“% SR A ME R TR TR R L S

(0)§ @b

Now the process of simplifying the equations involves equating orders and solving the resulting equations. In
principle we need to go to O(2?) to get the long transport time evolution of fo— in fact we will only go to O(2)
and then use the moment equations to get the evolution of fg.

4.1 0O
At this order we have simply
a . @ _,
mv x B @ 0: (81)
In the polar coordinate of the velocity vector, this is calculated as
H 1 H Al
q o @b @ 1 @ @ 1 @
— BYW .— =Qopv, e bo- e — +ey b fo=0Q ———  f
mV? X @ oV? €2 X Dg ?@y + kY, @qu O@y 0 oV2 v, @u 0
@6
= 82
@H (82)

Thus, o is independent of the gyro-angle 4 (any intial dependence would be wiped out by the fast gyration) so
that
fo="To(Xs;Vk;V7;t): (83)

4.2 0O(1)

q 5 @b @tV
V- Vig+vs Vof® 4+ 2 (-VA+vxB) — - Q
0+va V1 4 3 )&~ % gy
This looks like a horrendous equation to solve — it involves two unknowns fo and f @ . In such cases we must
isolate one unknown at a time and solve. A trick inspired by Boltzmann’s H theorem allows us to solve for

fo. We multiply Eq. (84) by Infg and integrate over y and z spatial dimensions (periodicity is assumed) and

:C(fo;fo): (84)
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velocities. Additionally we perform a “medium” scale spatial average over X. This is an integration over an
interval around X that is small compared to the macroscopic length scale but large compared to the microscopic
length scale. Using this trick we can show at this order that

Zyver 2772

1
- dx°® dydzd3v InfoC(fo;fo) = 0: (85)
AX xj &
We show explicitly how each term vanishes.
Z Z Z Z
V~Vfolnf0dX: V-(Vfo)h’lfodX: [V-(folnfov)—fov~V1nf0]dx: [V‘(foh’lfoV)—V-Vf]dX
Z
= V- [fo(lnfo— 1)v]dx: (86)

From the assumption, the integration interval over the X direction is much smaller compared with the macro-
scopic length, which implies fo = const. in this integral. And, with the periodicity in y and z direction, this
integral vanishes.

z Z -

(~VA+v x+B)- @dv = Q. (-VA+v x B )fy) —fo—@ -(vx3B) dv
@ @ @
‘e @
= @-((—VA—s—va_rB)fo)—foiB @ =V dv
Z - @ s
= @ (=VA+v x B )fg) dv: (87)
This vanishes for limyy  fo(v) = 0. The terms involving f @ also vanish using the coordinate transform (57),
VA M @ T z @ 3 .
Info Vo - Vof® —Qo=f® dv=-0; — fOInfy dv=0: 88
0 V2 -Voa ‘@ ° @ 0 (88)

We know from the Boltzmann’s H tehorem (see Sec. B) that Eq. (85) implies that f¢ is the local Maxwellian,

f ve

n
0= —5—eXp ——
N Vi
Pp——
where vy =  2T=m and n and T depend on the long time scale ¢ and the slow spatial scale. Essentially this
result shows that there is no entropy production at this oorder (C(fo;fo) = 0). This expression gives

(89)

@b _ 20 .
@ Vg wo
4 _vj @b _dgs 2o, 9, Ao 9A" [ GA, VT,
E( VA+v x1B) @_mVA Vt2hv—fo_l_v VA=fov -V T —cho_T%/z_T' (90)
O(Zfovm:L)

Note that VT term is smaller. To this order, we can drop the factor v, Vi (qA=T) from the right hand side.
Then Eq. (85) becomes
TR

v A
208" _ v, q? fo—v-Vfg: (91)

Vo .v?f(l) —_
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This equation has the simple particular solution (How can we get this solusion?)

A
o :—q?fo—l/z- Vo fo (92)
It is easy to show that this solution really satisfies the equation. Substituting the expression in the equation,
we have vl 9 TR | .
qA _ q aqA .
Vo - Vo ——fo =—Vy Vo — fo——V? -V?fo, (93)
T T |T 2 }
O(ZV[h =Lf o)
and
@ @" v; xb " a @
? ? ?
QO@H(l/z'V?fo):QO@uf .Qo 0. Vofo =-— @'quO'V?fo:*V? @'uxbo.v?fo
:—V?erbQ'v?foz—V?e? ~V?f0:—V? 'v?fol (94)

With the assumption that V,fo =0, the condition is satisfied in the leading order. The first term in the
particular solution represents the perturbed Boltzmann response of the particles to the potential. The potential
is static on the gyration time scale and therefore the energy & = mv2=2 4 gAis conserved to this order. The
second term can be recognized as the beginning of an expansion of fo about the gyro-center position,

fo(Xs) ~fo(xs) —¥2: Vo (95)

where we are using Rs = rs — %2and identifying X ¢ as the X component of Rs. We define Fg which includes the

leading order solution and the particular solution of the next order, i.e.,

H ; 1
r;t
Fo(r; Xsivit) =fo(xs;vit) +F 0 (r;vit) = fo(Xsvit) exp _gArY - (96)
T(Xgt)

It remains to solve for the homogeneous part of Eq. (91). We note that the operator on the right hand side
of Eq. (91) is particular part of the collisionless motion in a constant uniform field thus we expect to find the

gyro-center variable useful. Indeed the homogeneous part of f @) fr(ll) , is shown to satisfy
A !
1
@@g —0 (97)
R
using the transform to the gyro-center coordinate (see Eq. (57)),
VR | VRN |
@ @
Qy — =Q0 — —V, -Vo: 98

The homogeneous part is independent of gyro-angle at fixed R (not r),
£ —h(R;V; Vs ;t):
no =hR;V;Ve 1) (99)

Sometimes h is called the guiding center distribution. As we show in the next order h satisfies the gyrokinetic
equation.
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Combining these results leads the following distribution function,

F(rivit) =Fo(r;vit) + h(R; Vi Vo s t) + £ @ (rvit) + - (100)
where
M T3=2 M 2_ e |
== R
or u Mo u ) ) T
Fo(RIV D = n(tXs) — M ey _MVP2LAATRIV)D (102)

AN T(tXs)

While this is the form of the distribution function we still need to derive equations for h, n, and T. Now we
proceed to O(2) where we obtain the gyrokinetic equation as a solubility constraint for f @
Here we check the derived solution really satisfies the Fokker-Planck equation. Using the expression for Fo,

@6 __ 1@n 31@T mv2=2+gAl@T 1 @A

@ °n@t 2T@ T T Qt T9at

@t T e, L&

221 o)
2 ( ) 3

2
T
§@nn 3,6 @T q@
=F, - 2=

2
V- VFo—Fog @—§ E—7mv_2+qu E—EV VAZ

| —{z1} 2|_{z_} l—T 2 Ty Tz

20(Vm =L) O(vin =L) O(vin =L) 30(2Vm =)
3 Eﬂ q .
=Foov-VlInn— -+ —- v.-VInT — v -VA (103)
2 T T
{z }
O(vin =L)

We must pay extra attention when taking the derivative with respect to v since X depends on V.

il

@b _  2Fo, viF, VN _3VT mv?=2 4+ gAVT = @R
@ V2 ° n 2T T Ty @
2F b "wn e 3'vr
=—- Foom X — = —+4+5 — (104)
V, Qo n T 2 T
|2} | {z
O(fo=vin) O (*f 0=vtn )
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Thus,

2 3
g g A @ é @k
— By —VA+Vv x#B — — . —_—
m Y—TZ—? | & |{@t | €
O(vin Bo) O (v Bo) 220, = A
u U Oﬁ Vin —|1-.[) O((1+ 2)fo=ven )
- q . vn E 3 VT~
| {z }
O (vin =Lf o)
: H H 1 R
9, @ 1 i N vn_"&_ 3 VI 22y —
+Fogv - gt Fog- (-VA+VX#B). box S TS S +O(RN=LE)
| {z }
O (v g =Lf o)
" 0 L |
9y . vi vn £ 3 VT 2 v =L):
—FOTV VA —Fqgv, n T + 5 T —|—O( f oVin —L).

By taking into account that Vin = VT = 0, this term annihilates with v - VFg term in this order. Collecting
up to O(fovin =L) terms,

V. VFo+vs Voh+ 3 (—VA+vxB). 88, 9, g, @
U q m @ m @

= QoV X bo . —@V +Vvo - V? h— Qo@h-‘r O(zf oVth :L) = —Qoghz 0: (105)
| A Qup @

0(2I lfon =L)=0

It is confirmed that f = Fg + h is the solution to the Fokker-Planck equation of order up to O(1).

4.3 0@

It is now straightforward to plug the above form of the distribution function into the Fokker-Planck equation
and select the O(?) terms. We would then proceed through the derivation of the gyrokinetic equation. This
process is somewhat tedious and not very physically illuminating. We find an improved route by recasting the
Fokker-Planck equation using gyro-center variables (see Sec. C),

g=-mv? 1= (o ) (106)

R =r ;
[ 2 : 2Bo

The Fokker-Planck equation takes the form

@f drR @f d @f df@f 4o @f
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To be explicit, we note that in thse variables f = Fo(Xs;E(t))+h(R;E; 5t ) +f ©) (R; &% ©;t)+---. Consider
the ordering again,

0 1 0 1
@h @f? N dRg b @k @h @ § dR> @b @h @f2) §
— Kby =0 ) =0
@ 18y ® B &S ® B %
O o) O(2 2fo) Q(vin) O((1+ 2)fo=L) O(Ao=L) O(22fo=L) O(n) O(fo=L+2 o=%) O(Ho=4) O(*2fo=%)
0 1 0 1
L@ B oen, ef ; de @k @h , @f £ doef
1
de@ e f @ @ @ &~ L@
O( ) O(fg=t) O(2fp=) O(E) O+ Ho=E) O(Ho=E) O(2fo=E) O o??f0)
=C(Fo+h+f@;Fo+h+f@y: (108)
The O(2vy, =Lf ) equation is found to be
@h dR @ dt @h @fd  1d¢g
2L T hiR) S 2 ch) =0 —— + = °F 1
where to the highest order
9 4. (110)
dt - 0
and C(h) = C(Fo; h) + C(h; Fo). We must annihilate f @ ~to do this we average over the gyro-angle O, at fixed
R @h, ‘R @ ¢a® @n Fo € ae™
= = (haf — = _(ch), =2 = 111
We use (70), (73), and (78) to obtain the gyrokinetic equation
@h ., @h “enh  @g Fo @A)R
+V + Vb + X C(h 112
Vgt Vo X — (€l g2 B (12)

where the drift velocity is given by

V,?2 @B B @A>R » @
2QOBO @X @R BO.

Note that since we have assumed the spatial dependence of the equilibrium field is in Bg(Xs), not bg, we keep
the VBg drift but not the curvature drift. In some loose sense the gyrokinetic equation is the kinetic equation
for rings of charge centered at R (t) of radius V, =p.

It is important to note that A, h, and A are all periodic in y and z. We define a second ring average at fixed

ras 120 e xb i
@R;EL Ot)) =0 a r+—1— 05 Ot de; (114)
2Y4 Q

This average arises in Maxwell’s equatinos where for example the charge at r is due to particles with gyro-cneters
on a circle of radius v, =g about r.

Vb =y (113)
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Quasi-Neutrality

The quasi-neutrality condition demands
X z
& (Fo:s +hs)dv =0; (115)
S
where the integral is taken with r kept fixed. Noting that Fo(r;v;t) = (1 — QA=T—% V, )fo(r; Vs ; V; t) where
Aand T are independent of v, and taking into account the relation,

@ @-
V X bo =Vy€, X bo =—=Vo €y =—Vp @7“ = — @1[; (116)
we obtain
Z " . Z
de—ul—iAﬂnS m_ = u—m—"Zﬂdw VxXBo G foav
o= Tz, P Q70
_GgA 1 @ _ dA.
=n T n QOV? @ﬁfov? )dv =n T n: (117)

We must be careful about the h term because h is a function of (R;V ) not (r;v). To alert this, we explicitly
write that h must be second gyro-averaged,

2 3
z Z 7 R z ) Z V4

hdv = hdy v, dvs dvy, = 22—1/ FV&% dpg Vo dvo dvg = (h),dv: (118)

A A

independent of p
) P
Then, since Ns = 0, we get . 7

X nsG2A :

—r G (hs)rdv =0: (119)
S

Parallel Ampere’s Law

The parallel component of Ampere’s law is given by

z
X
bo-VxBo+ VA =-19 g Vk(Fos + hs)dv: (120)
S
For the Fg term, we calculate
z . 4
dev—ul—q—ﬂn3 m_ = Vg e “_Mﬂdv+ v Y X by Vo2 fodv
oMY = T 2T k&P 7T kT, V7O
VAR
Ly @it vevs Cav = 0: (121)
= — —V9 - — 2 = U:
0 @u oVkV7
We also note that the first term vanishes if B = Bg(x)z. Then, we obtain
z
X
VAL =19 G (hs)Vidv: (122)

S

When we drive the system with an antenna we add a source to this equation.
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Perpendicular Ampere’s Law

The perpendicular component reads
X z
by x (V X Bo)—‘rv? +B, = 1gbg x Os (Fo;s —‘rhs)V? dv: (123)

S

The first term is calculated as
bo X (V X Bo) ZV? Bo—Bo(bo-V)boZ (124)

but, we don’t condiser the curvature here. Same as the previous cases, first two components of Fg term vanish
(we left the third term untouched here),
z Z ; 1
bQX Fovo, dv = 1—%—1/2-V? foboXV'?dV
M Nz Z
= 1—in fogdv— (%-V?fo)boxv?dv
7 T @u

= — (1/2- Vo fo)bo X Vo dV: (125)

The perpendicular Ampere’s law becomes
z X z
Vs (Bo+in)=1o Gs <hsb0 X Vo >rdV—10 Os (V%-V? )fO;st X Vo dV: (126)

S S

Pressure Balance

If we note that the V acting on By and Fg is acting on a slow space scale, we can average the fast variations

away and are left with X 7

V? Bo =-1 0 Gs (J/% . V? )f o;sbo X Vo dv: (127)
S
By integrating by parts, we get
4 Z

1
g (¥ Vs )fgby xvodv=—q —(vxbo-V?)fo@? dv
0 @u .
__go @@J(V? Xbo-v?fo)v?dV}—f—éno %?uxbo-v?fo Vo dv
= V2 ey X b - Vo fovo dv
Bo 7
1
=—Vo - mvsV,fodv: (128)
Bo
Here, we define the equilibrium pressure tensor
0 1 0 1
z z cos’l  sinpcosp 0 Z 1 0 0
B . 2 @ <2 A 1 2 A .
Po= mvovsfodvi= mvZ @sinpcosp sin?p 0Afodv== mvZ @ 1 0Afedv:  (129)
0 0 0 2 000
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We can reduce it to the scalar equilibrium pressure g}ven by
1
Po= mv2 f odv: (130)

We obtain the equilibrium pressure balance,
B X

V’_) E

Po;s =0: (131)
s

Similarly, we can work with the perturbed distribution function to obtain a perturbed pressure balance
equation. %term in the perpendicular Ampere’s law is calculated as

Z
B @-> . @ @h 1
g hbgxvodv=q h @&dv_q @ﬁhv?)dv q Vq @SV =—-q V» Q—Ov? - V2 hdv
1
= — va . (mV? V-, h)r dv: (132)
0
The fluctuating pressures also balance
X —
BoV, 2B, = —-14V> - +Ps; (133)
S
where the fluctuating pressure tensor is .
>
5 Transport
6 Linear Dispersion Relation
7 Collision Operator
A Gyrokinetic Equations and Ordering Summary
The equations to solve are the gyrokinetic equation fﬁ)r h, i
H A H A
@h . @h Vi @B @Ar _bo @h @b Fo @AR
— +V—+ ' - X—=— - —4+X—0 —(C(h)r =q=— ; 135
et ez Yauso@x & “Bo @ ‘ex (CMr=97 g (135)
and the field equations,
: p Z
X 2A >
—ns_l?s +0 (hshrdv =0; (136)
S S X Z
VA =19 G (hs)vdv; (137)
x Z
BoV, By = -1,V>, - Os (mv? Vo h5>r dv: (138)

S

Table 1 summarizes the gyrokinetic ordering.
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Table 1: Gyrokinetic Ordering. The quantities in red are unknown and determined by the equation in the
bracket. fél) is the particular solution to the O(1) Fokker-Planck equation, which is given in terms of f o, while

frgl) is the homogeneous solution to the same equation.
Quantity | Unit o1) s 0?3 0(2?) 0(23)
1 1
f fo [fO=pohmen —5 | fO =1 11V (GK) f@
B, Bo BY —=v, xAP
B Bo B =By BY = —V2>® (Ampere)
- - @
E, LIB o EP = v, A EP = —v,A® - @
Q)
E, LIB o E? - v, A0 — 24
A L2IB o A (Poisson)
A? LBO A.(?z) = V? ))(3) X bo
Ay LB o AP (Ampere)
» L2B, »@)
B Boltzmann’s H theorem
Define the H function Z
H= flInfdv (139)
where f satisfies the Boltzmann equation
@f
— +v. -Vf =C(f;f ): 140
otV Vf =ClE:f) (140)
C(f;f ) is the collision term which we will discuss later.
Change rate of H is
Z - z Z
@H @f 1 @f @f
— = — Inf +f—— dv= (Inf +1)—=dv= (Inf +1)(-v-Vf +C)dv
at z@tn+f@tz (n+)@t (Inf +1)(—v-Vf +C)
=— V-(flnfv)dv+ (Inf +1)Cdv: (141)
Defining the H flow as Jy = f Infvdv, we have
z
H
%+V~JH = (Inf +1)Cdv: (142)

Now, we consider the collision term. The distribution function at some point with the velocity v increases
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by collisions with the particles having different velocities. This is represented by
H @ f'IT z
Cff)= = = Yv;vi VeV (x;veD)F (x; v t)dvidvldv?
@t coll Z

YAVO VIV Vi) (x;v; OF (x;vy;t)dvidvedvd: (143)

The first term represents the process that the particles with the velocities v?and v collide to be those having v
and V;. The second term gives an inverse process. The factor ¥agives the frequency of these processes at a unit
time. Strictly speaking, particles cannot approach within the distance of particles diameter, the distribution
of the particle having v should be f (x 4 don;cY;t) where dg is the particle diameter and n is the unit vector
from particle’s barycenter to the contact point. However, we ignore the particle diameter for simplicity.

We see the factor ¥amore in detail. Because of symmetries of time reversal and space reversal, the frequency
of the process from Vv, vy to V% v§ should be same as those of from v% v? to v, vy, from vy, v to v?, v and
from —v, —vy to —v® —v?. Thus, ¥satisfies

Hvivi VoV = VO vOvivy) = v vOvyv) = v v — vy —v) = (144)

Due to this property, the collision term becomes
H @ f‘ﬂ z

@t " Vv VeV (F (VOF (v]) — f (V) (v1))dvidvOav?: (145)

coll

If collisions are elastic, the energy and the momentum conserves during the process. The frequency is finite
if the velocities satisfy the relations

v 4vy =vO v, (146)
v2 4 v2 =y® 4y (147)
We now consider some function ' (v), and an integral?
’ " (v) u@fﬂ dv: (150)
@t coll

It is clear from its expression that permutation of the integration variables does not alter the result. Thus, the

2|f the function ' (v) satis'es 7

of
' = dv=0; 148
V) Gt o (148)

it is called a collision invariant. The collision invariant satis es
P+ (v) = (v () (149)

In fact, there are "ve collision invariants: a constant, velocities (the moments), and the square of the absolute velocity (the kinetic
energy). This is clear from the conditions of the elastic collision.
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following relations hold

Z
C (V)Y VOV (F (VO (V) — f (V) (v1))dvdvidvldv?
VA
= (V)X VIV VO (F (VO (VO — f (v)f (v))dvdvidvldv?
Z
= (VORVE VIV V) (F (V) (ve) — T (vVOF (vD))dvdvidvdv?
Z

= (OO V) (F (V) (V) —F (V))F (vO)dvdvydvdvy: (151)

Using this relations with the symmetry of % we obtain

Z u@fﬂ 1Z
(V) Gt "1 YUV v VoV (F (VOF (VD) — F (WF (vi))(* (V) +" (ve) =" (V) =" (v]))dvdvidv vy
coll
(152)
Thus,
Zp A
of dv =0;
@t coll
z 1 z
Inf "o dv =1 YAV v VeV (F (VOF (V) —F (V)f (v1))In Mdvdv dvCav?: (153)
@ty 4 T ' VIR v
Now, the production term of the H function is reduced to
A
Inf @f dv; (154)
@t coll

which is shown to be negative for a thermally non-equilibrium state using (X — y) In(y=x) < 0. At the thermal
equilibrium, the equality holds where f (V)f (vO) = f (v1)f (v )

We look for a function which batlbﬁeb the condition f (vV))f (vO) = f (v1)f (v). At the thermal equilibrium,
the distribution function does not depend on the direction of velocity, but depends only on its absolute value,

f(v)="(v] :vf+v§+v§): (155)
Then, the condition becomes f (x)f (y) = f (XOf (y%) where x +y = x°+ y° Setting x°= 0, we have
FOOf () =f () =f (x +y): (156)

Taking the derivative with respect to X yields

L @fx) 1 efy)_ .. (157)

f(x) @x f(y9) @x

which leads to the function to have the form f (x) o< exp(x?). We assume

f(x;Vv;t) = A(X) exp(—C(x V) (158)
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Taking the moments 2,

Z ur s
fdv =A 64 =n(x);
Z Hr —_9s
1 5 0 mAT T ] _
Zmv fdv =1c c = 5n(x)kBT(x), (164)

where n(x) is the density, T (X) is the temperature, and Kg is the Boltzmann constant. Solving those equations
for A and C, we get

1‘[ =,
A(x)—nu m_ " Cx)=_"_. (165)
O WgT ’ ~ 2kgT’
With the definition of the thermal velocity vip : %mvtzh =kgT,
1
Fvit) = ) el (166)
Vit) = —=——exp ——
V7e ) T TV
This Maxwell’s distribution is only the equilibrium soultion where no entropy is produced.
3De ne the Gauss integral 7
= x"e™’dx (n:integen: (159)
The following recurrence formula holds
I
z ®x2'0 ni1®><2 z ni1®><2 .
I[n]= x"i?t € dx=2_¢ 1 (nil)x”i2e®xzdx:ii nllI[niZ]:
2® 2® 2® 2® 2®
Consider the denite integral in the interval 0 <x< 1 , and for ® < 0 for convergence. For n =1, |19f[1] is easily calculated,
z 1 ) ax 2 #1
1def=  xe®™’dx= ° =_1 . (160)
0 20 2 @
We can also calculate |9€7[0] as follows.
zZ,7Z Z.,,2 T2
2 141 vi2 £ 1 1, @ 1
1defo] © = YD) dxdy = e rardu= 2 € = _*% . (161)
0 0 0 0 2 2® 4(i ®)

0

. def p_— Ry ox2 Ry ox 2 pP— .
Thus, we obtain 19"[0] = = %=<j ®)=2. (Note that a1 xe *“dx =0, a € *“dx = YaXj ®).) Forany n, 1 (the integral does
not converge for n < 0), it is easily shown that

emi '

def - — . —1-9-9.
| [2m]—W I—® (n=2mm =1;2;3;¢¢} (162)
def gy (mi 1) _ 1o
1 9¢' [2m 1]—W (n=2mj I,m=1;2;3;¢¢} (163)

R
where 2m i D=2 m; 1)2m; 3)¢¢8¢l. If we dene J%f[n]= ii x" e dx, J%f [2m] = 21 %1 [2m] (m can be negative),
Jdf[2m 1] =0 (m should be positive).
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C Coordinate Transform

C.1 Catto transform

Catto transform transforms from the particle coordinate (r;

8 8
V
<R:r+VXbo <|’ Xb()

_ Qo _ Qo (167)
"V o =v v =V

V) to the gyro-center coordinate (R;V ),

where bp is the unit vector parallel to the local background magnetic field. The derivatives are transformed as
follows

R ®R@ @®R@ @ :
30 00, @@ _@ b @
g @ Ve dvaea @ Q2 @
0 ®e @ o _@
@ @R @@ @R .
30 RO @ O@_@ bk @
@ R @@ @@ QN @R
C.2 Velocities in a cylindrical coordinate
We define velocities using the gyro-angle ©,
0,1 0q 1 0.1 0
V2 + V2 V5, cos @
V= @@ A - %)tan. 1 vy v = @v A — @V, sinOA ; (169)
Vi Vz Vi

The unit vectors €, X &g = by and e, x ey = €, span each space. The Jacobian of the transform is give like

0 gy v vl o0 1 0 1
H@/ﬂT % @@;g e cos © sin® 0 A \\Z 0
- 5 :%)87 & gyﬁ @ L sin® Lsin® 0A = @ W ovs 0A (170)
o o o 0 o 10 01
4Here we show the calculation of ( @R =@ )(@=@) using the Levi-Civita symbol
*®R e@_0 £bi @. @ , w2 e @ o -9 . ,2 @
@R @ o ® av M, 7T er, " ev Moer
_ @ bs b, @ . by bs @ by b1 @
— —=t Ve Vi— ——+ Vi—j Va— —— €
-~ @v -0 -0 @R -0 -0 @R -0 -0 @R
. p@ RO  n@ mO . be ho
-0o@R -0 @R -0@R -0 @R 0@R -0 @R
bo @(‘f: (168)
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where each column gives contravariant basis vector, V\,V, , V, 0, and Vy V. The unit basis vectors are given
by

> V
Vi
er =V» V, 0 = —%ex v X v (172)
b() =VvV, k = €z, (173)
» or 1 1 1
IJe? 7“ cos® sin® IJ-eX . (174)
eg  —sin® cos® ey
These unit vectors change their directions with O,
@: @

Using the Jacobian and the inverse Jacobiman matrices,

0 1
T+ cos® -V, sin® 0

“a
Jil= = =@sin® V,cos0 0A; (176)
o 0 0 1
the derivatives are transformed by
0 v o v el
@ @ @ v§+v§@+ v3+v§@
@ @a vav " Vay
@y
c0s©-@ _ st @
@ @ @ B. % %G
@:@@:E@sm@ﬁwfﬁ 2K: (177)
@y

@ @ @ @

— =6y —— t+E&— +e,— =

@ “@v “@y Qv | .
=(cos ©e, — sin Oeg ) CESG @7% B a\r/l?@ g ﬂ
+ (sin e, + cos Oex ) bm@@i%JrC‘\’Z@g +bo§{
o o ey by .

We also note that the velocity vector is written in the cylindrical coordinate like

\" :Vx ex + Vyey + Vzez
=V, cos ©(cos ©e, —sinOeg ) + V, sin O(sin Oe, + cos Oeg ) + Vcbo
=Vsr e, +V bo: (179)
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Curl (@=@x) of this vector vanishes,

v 1
1
ngz e, @%-f—egwg—f—bo@i%/ ><(V?e? +kao)
—e; x % =0 (180)

C3 v—W =(&1 9;9)

Next, we introduce the energy £, and the magnetic momentum ! . s (a sign of v, ) is also necessary to distinguish

V2. 0.1 1y2 12 4 y2 0 1
5 (V. V, Vi
. Z(X—ng—’_ z) \/QTCOS@
W = §:% -2]_?V § V:@ 21_Sin@A (181)
tan! ~(* i ———
. " S
JVz)
where vV, = V2 + V§. To omit factors, we have redefined the energy and the momentum by & = (£ — gA)=m,
T = 21B g=m. The Jacobians are
0 1 O 1
@ @y @ 0 0 —_—
gé & g‘é V2AE T
@ & T & pl_cos® pi-sin®@ ———S_
—-=B¢ & &C= 2 z V2(Ei 1) &
av = g & —/2T sin©® /2% cos © 0
& & & P o
0 @s @s @s 1 0 0 2(5 - )
@%i 2 & & Vi VW —X 0
av ¥ o o v
o :%)@gi A @%SS( =@y, v, = 0A; (182)
é @ @& @s v, O 0 0
@y @y @v v

p
where  2(€ — 1) = |v;|, v/2F = v, . Note that @s=@\s discontinuous at v, = 0, but it may not matter, and
we set it zero everywhere. The derivatives are give by

o

1
2
av @ Vy
-5 :%)vy@% +vy@@+—?;@@£: (183)
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