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1 Ordering

Length Scale

• Macroscopic Length L : might be size of plasma, or the density gradient length n=|∇n|.

• Microscopic Length ½: the Larmor radius (usually the ion Larmor radius ½i ).

We use these length scales to define the fundamental small parameter of the theory:

² ≡ ½
L

¿ 1 (1)

Time Scale

There are three basic frequency scales:

• The fast ion cyclotron frequency: Ω

• The medium frequency: ! = vth =L ∼ ²Ω. This is roughly the frequency of the turbulent fluctuations and
the rate at which particles sense the inhomogeneity.

• The slow transport rate: 1=¿= (vth =L)²2 ∼ ²3Ω.

We split the distribution functions and fields into slowly varying (in time and space) equilibrium parts and
fast varying fluctuating parts. We expand the distribution functions and fields in terms of ²,

f (r ; v ; t) = f 0(r ; v ; t) + ±f (r ; v ; t) =f (0) (r ; v ; t) + f (1) (r ; v ; t) + f (2) (r ; v ; t) + · · · (2)

B (r ; v ; t) = B (0) (r ; v ; t) + ±B (r ; v ; t) =B (0) (r ; v ; t) + B (1) (r ; v ; t) + · · · (3)

E (r ; v ; t) = ±E (r ; v ; t) = E (1) (r ; v ; t) + · · · ; (4)

where

f (n ) ∼ O(²n f 0) (5)

|B (n ) | ∼ O(²n B0) (6)

|E (n ) | ∼ O(²n vth B0) ∼ O(²n !LB 0); (7)

1



f (0) = f 0, |B (0) | = B0 and n = 1; 2; 3; · · · .

Slowly varying equilibrium

The equilibrium varies in space on the macroscopic length scale and in time on the transport time, i.e.

∇f (0) ∼ O
µ

f (0)

L

¶
;

@f(0)

@t
∼ O

µ
f (0)

¿

¶
∼ O

³
²2 vth

L
f (0)

´
∼ O

³
²2!f (0)

´
(8)

∇B (0) ∼ O
µ

B0

L

¶
;

@B (0)

@t
∼ O

µ
B0

¿

¶
∼ O

³
²2 vth

L
B0

´
∼ O

¡
²2!B 0

¢
: (9)

Fast spatial variation of fluctuations across B (0)

The variation of the fluctuating quantities across the magnetic field is on the microscopic length scale, i.e.

|b0 ×∇|±f ∼ O
µ

±f
½

¶
; |b0 ×∇|±B ∼ O

µ
±B
½

¶
; |b0 ×∇|±E ∼ O

µ
±E
½

¶
; (10)

where b0 = B (0) =B0 is the unit vector along B (0) . Or, shortly

∇? ∼ O
µ

1
½

¶
: (11)

Slow spatial variation of fluctuations along B (0)

The variations of the fluctuating quantities along the magnetic field is on the macroscopic length scale, i.e.

b0 · ∇±f ∼ O
µ

±f
L

¶
; b0 · ∇±B ∼ O

µ
±B
L

¶
; b0 · ∇±E ∼ O

µ
±E
L

¶
; (12)

or

∇k ∼ O
µ

1
L

¶
: (13)

Medium time scale variation of fluctuations

The fluctuating quantities vary on the medium time scale, i.e.

@±f
@t

∼ O
µ

vth ±f
L

¶
;

@±B
@t

∼ O
µ

vth ±B
L

¶
;

@±E
@t

∼ O
µ

vth ±E
L

¶
: (14)

Collisions act on the medium time scale

We make this specific ordering of the collision rate that is consistent with the physical situations we wish to
describe

º ∼ O
³ vth

L

´
: (15)

These orderings have the simple consequences for the fluctuations. Specifically, the typical perpendicular
flow velocity, roughly the E × B velocity, is of order ²vth . Note that ∇±f ∼ O(∇f (0) ) – i.e. the perturbed
gradients are comparable with the equilibrium gradients. Thus the fluctuations can locally flatten the gradients
driving the turbulence.
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2 Potentials

Consider Faraday’s law,
@B
@t

= −∇× E : (16)

From the ordering the left/right hand side is ordered as,

@B
@t

=
@B (0)

@t
+

@B (1)

@t
+ · · · ∼ O(²2!B 0) + O(²!B 0); (17)

∇× E = ∇? × E (1) + b0 ×∇kE (1) + ∇? × E (2) + b0 ×∇kE (2) + · · ·

∼ O
µ

1
½

²!LB 0

¶
+ O

µ
1
L

²!LB 0

¶
+ O

µ
1
½

²2!LB 0

¶
+ O

µ
1
L

²2!LB 0

¶
+ · · ·

∼ O(!B 0) + O(²!B 0) + O(²!B 0) + O(²2!B 0): (18)

Thus, from the leading order, the dominant electric field must satisfy ∇? ×E (1) = 0, which means that we can
write

E (1) = −∇? Á: (19)

The largest part of the electric field is electrostatic. Here, the order of Á is

Á ∼ O
³

½E (1)
´
∼ O(²2!L 2B0): (20)

We write
Á = Á(2) + Á(3) + · · · : (21)

We shall need the inductive part of the electric field to get the dynamics right. It is therefore convenient to
write the field in terms of the scalar and vector potential,

±E = −∇Á− @A
@t

(22)

±B = ∇× A : (23)

The leading order of A also starts from the second order of ²,

A ∼ O(½²B0) ∼ O(²2LB 0): (24)

Then, we write
A = A (2) + A (3) + · · · : (25)

In summary,

E (1) = −∇? Á(2) (26)

E (2) = −∇kÁ(2) −∇? Á(3) +
@A (2)

@t
(27)

B (1) = ∇? × A (2) (28)

B (2) = b0 ×∇kA (2) + ∇? × A (3) : (29)
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For definiteness, we use the Coulomb gauge, ∇ · A = 0, which yields ∇? · A ? = 0 to the order we keep. Thus,
we write

A = Akb0 + A ? = Akb0 + ∇? »× b0; (30)

where
Ak ∼ O(²2LB 0); A ? ∼ O(²2LB 0); » ∼ O(²3L 2B0): (31)

±B =∇× A = ∇? × Akb0 + ∇? × A ? + b0 ×∇kA
| {z }

O (² 2 B 0 )

=∇? Ak × b0 + Ak∇? × b0
| {z }

O (² 2 B 0 )

+∇? × (∇? »× b0) + O(²2B0)

=∇? Ak × b0 + ∇? »(∇? · b0)| {z }
O (² 2 B 0 )

−b0(∇? · ∇? ») + (b0 · ∇? )∇? »
| {z }

=0

− (∇? » · ∇? )b0| {z }
O (² 2 B 0 )

+O(²2B0)

=∇? Ak × b0 −∇2
? »b0 + O(²2B0): (32)

Then,
B (1)

? = ∇? A (2)
k × b0; B (1)

k = −∇2
? »(3) : (33)

For the electric field ±E = −∇Á− @A =@t, we have

E (1)
? = −∇? Á(2) ; E (2)

? = −∇? Á(3) −∇?
@»(3)

@t
× b0; E (2)

k = −∇kÁ(2) −
@A(2)

k

@t
: (34)

We note that the inductive part of the parallel electric field is comparable to the electrostatic part. The inductive
part of the perpendicular electric field is, however, small compared to the electrostatic part. It must be kept
because it yields a compressive part of the E × B velocity and a net acceleration as a particle goes around a
gyro-orbit. This sounds a bit cryptic, but it will be more apparent in the derivation of the gyrokinetic equations.

The key reason for introducing the potential is that we reduce the quantities from six scalars, the components
of ±E and ±B , to three, Á, Ak , and » (or equivalently ±Bk). We need to extract three equations from Maxwell’s
equations for these three unknown fields in terms of current density and charge density. It is trivial to show that
the displacement current is small in this ordering (vth =c¿ 1). The appropriate equations are then, Poisson’s
equation and two components of Ampère’s law.

Poisson’s equation

Since to dominant order ∇ · ±E = −∇2Á,

∇2Á = − 1
²0

(qni − ene) (35)

where ni and ne are the ion and electron densities. Comparing the both sides, we get

∇2Á
(qni − ene)=²0

∼O
µ

²2L 2!B 0

½2

²0

qn

¶
= O

µ
²Ω

²0B0

qn

¶
= O

µ
²Ω

qB0

m
²0m
q2n

¶
= O

¡
²Ω2=! 2

pi

¢
: (36)

Note that Ω=! pi = ¸ D =½= vA =c = · · · (! pi is the plasma frequency, ¸ D is the Debye length, and vA is the
Alfvén speed. All quantities are evaluated for ions). When k¡ 1

? ∼ ½is long compared to ¸ D one can drop the
left hand side of Poisson’s equation and obtain quasi-neutrality – i.e. qni = ene.
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Ampère’s law

∇× B =∇× B 0 + ∇? × (∇? Ak × b0 + ±Bkb0) + b0 ×∇k±B
| {z }

O (²B 0 =L )

=∇× B 0 + ∇? Ak(∇? · b0)
| {z }

O (²B 0 =L )

−b0(∇? · ∇? Ak) + (b0 · ∇? )∇? Ak
| {z }

=0

− (∇? Ak · ∇? )b0
| {z }

O (²B 0 =L )

+ ∇? ±Bk × b0 + ±Bk∇? × b0
| {z }

O (²B 0 =L )

+O
µ

²
B0

L

¶

=∇× B 0 −∇? Akb0 + ∇? ±Bk × b0 + O
µ

²
B0

L

¶
: (37)

For the parallel component, we have

b0 · ∇ × B 0 + ∇2Ak = −¹ 0Jk = −¹ 0(qni Vi − eneVe) · b0 (38)

where Vi and Ve are the mean ion and electron flow velocities. Taking b0× yields the perpendicular component

b0 × (∇× B 0) + ∇? ±Bk = ¹ 0b0 × (qni Vi − eneVe): (39)

3 Gyrokinetic particle motion

Before we derive the gyrokinetic equation, we look at single particle motion in the gyrokinetic ordering. First,
we define the gyro-center position by a vector version of the simple uniform field (slab) result.

The exact gyro-center position is not actually a well defined quantity. However to lowest order and first
order our ordering shows that the slab result is appropriate – i.e. the particle orbit looks locally to be like the
orbit in a uniform field. The local gyration velocity measured at the gyro-center position R is given by the local
radius and the local gyro frequency,

v = ½× ­ = Ω0½× b0 (40)

where b0 = b0(r ) is the local unit vector along the field line, and Ω0 = qB0(r )=m is the local gyro-frequency.
We define a transformation from the particle coordinate (r ; v) to the gyro-center coordinate (R ; V ),

8
<

:
R (r ; v) =r − ½= r +

v × b0

Ω0

V (r ; v) =v
: (41)

This transformation to the gyro-center coordinate is sometimes called the Catto Transformation after its inven-
tor. The inverse transformation is given by

8
<

:
r (R ; V ) =R − V × b0

Ω0

v(R ; V ) =V
: (42)

Note that since the equilibrium field varies in the macroscopic scale,

b0(R ) = b0

µ
r +

v × b0

Ω0

¶
= b0(r ) +

v × b0

Ω0
· ∇b0(r ) = b0(r ) + O(²): (43)
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We define the perpendicular, v? , and the parallel, vk , velocity, and the gyro-angle µ with respect to the
equilibrium field from the expression

v = vkb0 + v? (cos µex + sin µey ) = vkb0 + v? e? : (44)

where (ex , ey ) and (e? , eµ) define the Cartesian and the cylindrical coordinate, respectively. e? × eµ = b0,
ex × ey = b0, and µ

e?

eµ

¶
=

µ
cos µ sin µ
− sin µ cos µ

¶ µ
ex

ey

¶
: (45)

Those unit vectors vary with the equilibrium field on the macroscopic, L , spatial scale and the slow, ¿, time
scale. We consider the time scale of particle motion. The time derivative of v gives

dv
dt

=
dvk

dt
b0 + vk

db0

dt
+

dv?

dt
eµ + v?

deµ

dt

=
dvk

dt
b0 +

dv?

dt
eµ + v?

dµ
dt

eµ + O
µ

1
¿

vth

¶
; (46)

while, from the right hand side of the equation of motion,

q
m

(±E + v × B 0 + v × ±B ) =Ω0v? e? × b0 + O(²vth Ω)

= − Ω0v? eµ + O(²vth Ω): (47)

Thus, the time scale of the parallel motion is at most ²Ω order. For the perpendicular components, we have

dµ
dt

= −Ω0 + O(²Ω): (48)

Of course, the time scale of the gyro-motion is Ω order, and fastest.
Now, we consider the evolution of R . We differentiate Eq. (42) with respect to time

dR
dt

=
dr
dt

+
dv
dt

× b0

Ω0
+ v × d

dt

µ
b0

Ω0

¶

=v +
q
m

(±E + v × B 0 + v × ±B ) × b0

Ω0
+ v × (v · ∇)

µ
b0

Ω0

¶
; (49)

where
d
dt

µ
b0

Ω0

¶
=

@
@t

b0

Ω0
+

dr
dt

@
@r

µ
b0

Ω0

¶
= v · ∇

µ
b0

Ω0

¶
+ O(²3): (50)

To order ²,
dR
dt

= vkb0
| {z }

O (v th )

+(±E + v × ±B ) × b0

B0
+ v ×

µ
v · ∇

µ
b0

Ω0

¶¶

| {z }
O (²v th )

: (51)

The dominant motion is along the field lines and the cross field motion comes from the perturbed fields and the
inhomogeneity of the equilibrium fields.
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We wish to know the motion of the gyro-center, R , over the medium time scale (times of order L=vth ). The
right hand side of Eq. (51) oscillates on the fast time scale Ω¡ 1 but when we integrate the perpendicular motion
this averages out. The gyro-average (ring average) at fixed R is defined by

〈A(r ; v ; t)〉R =
1
2¼

Z 2¼

0
A

µ
R − V × b0

Ω0
; V ; t

¶
dΘ: (52)

In Eq. (52) the Θ integration is done with keeping R , V? , and Vk fixed. Thus this gyro-average is an AVERAGE
OVER A RING CENTERED ABOUT R OF RADIUS V? =Ω0. By taking the gyro-average of (51), the gyro-
center motion as the motion of this ring obeys

¿
dR
dt

À

R
= 〈vkb0〉R +

¿
(±E + v × ±B ) × b0

B0

À

R
+

¿
v ×

µ
v · ∇

µ
b0

Ω0

¶¶À

R
: (53)

As we will see later we need to keep O(vth )/ O(²vth ) for the parallel/perpendicular component. With keeping
in mind that we evaluate each term. From the first term we simply omit the angle bracket,

〈vkb0(r )〉R = 〈Vk(b0(R ) + O(²))〉R = Vkb0(R ) + O(²vth ): (54)

Using the potentials, we have

±E + v ×±B =
µ
−∇Á+

@A
@t

¶
+ v × (∇×A ) = −∇Á− @A

@t
+∇(v ·A )− (v ·∇)A = −∇Â− @A

@t
− v ·A ; (55)

where the gyrokinetic potential is defined by Â = Á− v · A . Note that the spatial derivatives are taken with v
kept constant. Then, the second term becomes

¿
(±E + V × ±B ) × b0

B0

À

R
=

¿µ
−∇? Â− dA ?

dt

¶
× b0

B0

À

R

=

*
0

B
B
@−∇? Â− v? · ∇? A ?| {z }

O (²v th B 0 )

−vk · ∇kA ? − @A ?

@t| {z }
O (² 2 v th B 0 )

1

C
C
A × b0(R )

B0(R )
(1 + O(²))

+

R

= 〈−∇? Â− v? · ∇? A ? 〉R × b0(R )
B0(R )

+ O(²2vth ): (56)

We now show that v? · ∇? A term vanishes by averaging. Consider the Θ component of @=@V

@
@Θ

= V? e£ · @
@V

= v? eµ ·
µ

@
@v

− b0

Ω0
× @

@r

¶
=

@
@µ

− v? (eµ × b0

Ω0
) · @

@r
=

@
@µ

− 1
Ω0

(v? · ∇? ) : (57)

Then, adding −Ω0@A ? =@µ= 0 to v? · A ? , we get

〈(v? · ∇? )A ? 〉R =
¿

(v? · ∇? )A ? − Ω0
@A ?

@µ

À

R
= −Ω0

¿
@A ?

@Θ

À

R
= 0: (58)

Thus to order ², we have ¿
(±E + V × ±B ) × b0

B0

À

R
= −∇? 〈Â〉R × b0(R )

B0(R )
: (59)
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Next, we evaluate the third term. Substituting the expression (44), we have

v × (v · ∇)
µ

b0

Ω0

¶
=(vkb0 + v? e? ) × ((vkb0 + v? e? )) · ∇)

µ
b0

Ω0

¶

=v2
k b0 × (b0 · ∇)

b0

Ω0
+ v2

? e? × (e? · ∇)
b0

Ω0

+ vkv?

·
e? × (b0 · ∇)

b0

Ω0
+ b0 × (e? · ∇)

b0

Ω0

¸
: (60)

Obviously, vkv? terms vanish by gyro-average
R

e? dΘ = 0. For the first term,

b0 ×
µ

(b0 · ∇)
b0

Ω0

¶
= b0 ×

µµ
b0 · ∇

1
Ω0

¶
b0 +

1
Ω0

(b0 · ∇)b0

¶
=

b0

Ω0
× (b0 · ∇)b0: (61)

From the third term,

e? × (e? · ∇)
b0

Ω0
=

µ
e? · ∇ 1

Ω0

¶
e? × b0 +

1
Ω0

e? × (e? · ∇)b0

= − eµ × b0 · ∇B0

Ω0B0
(−eµ) +

1
Ω0

e? × (e? · ∇)b0

=eµeµ · b0 ×∇B0

Ω0B0
+

1
Ω0

e? × (e? · ∇)b0: (62)

Note that since |b0|2 = 1
(e? · ∇)|b0|2 = 2b0 · (e? · ∇)b0 = 0: (63)

Thus, we can write
(e? · ∇)b0 = ®e? + ¯ eµ; (64)

where
¯ = eµ · (e? · ∇)b0 ∼ O(1=L): (65)

Then, we take the gyro-average of Eq. (60),
¿

v × (v · ∇)
µ

b0

Ω0

¶À

R
=

¿
v2

k
b0

Ω0
× (b0 · ∇)b0

À

R
+

¿
eµeµ · v2

?

Ω0B0
b0 ×∇B0

À

R
+

¿
v2

? ¯
Ω0

b0

À

R

=V 2
k

b0(R )
Ω0(R )

× (b0(R ) · ∇)b0(R ) +
V 2

?

Ω0(R )B0(R )
b0(R ) ×∇B0(R ) 〈eµeµ〉R

+
V 2

? ¯
Ω0(R )

b0(R ): (66)

Gyro-average of eµeµ tensor is

〈eµeµ〉R =

* 0

@
sin2 Θ − sinΘ cosΘ 0

− sinΘ cosΘ cos2 Θ 0
0 0 0

1

A

+

R

=
1
2
←→
I : (67)
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where
←→
I is the identity tensor, and we have used

1
2¼

Z 2¼

0
sin2 ΘdΘ =

1
2¼

Z 2¼

0
cos2 ΘdΘ =

1
2

;
1
2¼

Z 2¼

0
sin Θ cosΘdΘ = 0: (68)

In summary, the third term in (53) becomes
¿

v ×
µ

v · ∇
µ

b0

Ω0

¶¶À

R
= V 2

k
b0

Ω0
× (b0 · ∇)b0 +

V 2
?

2B0

b0

Ω0
×∇B0 +

V 2
? ¯
Ω0

b0

| {z }
O (²v th )

; (69)

and the gyro-center motion is given by
¿

dR
dt

À

R
= Vkb0 −

@〈Â〉R

@R
× b0

B0
+ V 2

k
b
Ω0

× (b0 · ∇)b0 +
V 2

?

2B0

b0

Ω0
×∇B0: (70)

We have ignored V 2
? ¯=Ω0 ¿ Vk . The physical meaning of each term is

• Vkb0: parallel motion along the equilibrium field.

• −(@〈Á〉R )=(@R ) × b0=B0: the ring averaged E × B drift.

• (@〈vkAk〉R )=(@R ) × b0=B0: the correction due to motion along the ring averaged tilted perturbed field
line.

• (@〈v? · A ? 〉R )=(@R ) × b0=B0: the ring averaged perturbed ∇B0 drift.

• V 2
k (b0=Ω0) × (b0 · ∇)b0: the curvature drift in the equilibrium field.

• (V 2
? =2B0)(b0=Ω0) ×∇B0: the ∇B drift in the equilibrium field.

Note that the perpendicular drifts, both equilibrium and perturbed, are O(²vth ) in the gyrokinetic ordering.
This is because although the perturbed fields are small they vary on the micro scale. We therefore keep them
on an equal basis.

To complete the derivation of the particle motion we need the equations for the variations of v? and vk .
The variation of energy , E = 1=2mv2 + qÁ, is

dE
dt

=mv · dv
dt

+ q
dÁ
dt

= qv ·
µ
−∇Á− @A

@t
+ v × B

¶
+ q

µ
@Á
@t

+ v · ∇Á
¶

= q
@
@t

(Á− v · A ) = q
@Â
@t

: (71)

Note that since v is a coordinate (independent variable), it does not depend on t. 1 In a medium time scale,
¿

d
dt

E
À

R
= q

@
@t

〈Â〉R : (73)

1 In the Hamiltonian dynamics sense, E = ( p ¡ qA (r ; t )) 2=2m + qÁ(r ; t ) is the Hamiltonian and its change is

d

dt
E(r ; v ; t ) =

@E

@t
+

dr

dt

@E

@r
+

dv

dt

@E

@v
=

@

@t
E =

p ¡ qA

m
¢
�

¡ q
@A

@t

�
+ q

@Á

@t
= q

@Â

@t
: (72)
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The order of the change rate of 〈E〉R is

1
E

¿
@
@t

E
À

R
=

q
E

@
@t

〈Â〉R ∼ O
µ

q! (²2L 2!B 0)
mv2

th

¶
= O(²! ): (74)

We also define the magnetic moment

¹ ≡ mv2
?

2B0(R )
: (75)

Its variation is

d
dt

¹ =
mv?

2B0
· dv?

dt
+

mv2
?

2

µ
− 1

B 2
0

dB0

dt

¶

=
q

2B0
v? ·

µ
−∇Á− @A

@t
+ v? × B 0 + v × ±B

¶
− ¹

B0

0

B
B
@

@B0
@t| {z }

O (² 2 !B 0 )

+v · ∇B 0

1

C
C
A

= − q
2B0

v? · ∇? Á− q
2B0

v? · @A ?

@t| {z }
O (²!¹ )

+
q

2B0
v? · vkb0 × ±B ? − ¹

B0
v? · ∇B0 + O(²2!¹ )

= − q
2B0

v? · ∇? Á+
qvk

2B0
v? · ∇? Ak − ¹

B0
v? · ∇? B0 + O(²!¹ ): (76)

We have used ∇kB0 = 0. All terms having v? ·∇? is ∼ O(!¹ ). However, when we take the gyro-average, those
terms vanish. With keeping in mind that B0(R ) = B0(r ) + O(²B 0), and Á, Ak , and B0(r ) does not depend on
µ,

¿
d
dt

¹
À

R
= − q

2B0

¿
v? · ∇? Á− Ω0

@
@µ

Á
À

R
+

qvk

2B0

¿
v? · ∇? Ak − Ω0

@
@µ

Ak

À

R

− ¹
B0

¿µ
v? · ∇? B0(r ) − Ω0

@
@µ

B0(r )
¶

(1 + O(²))
À

R

= − q
2B0

¿
@Á
@Θ

À

R
+

qvk

2B0

¿
@Ak
@Θ

À

R
− ¹

B0

¿
@B0
@Θ

À

R
+ O(²!¹ ) = O(²!¹ ): (77)

Thus, to the leading order O(!¹ ), the magnetic moment conserves in the medium time scale,

¹ ≡ mv2
?

2B0
= const: (78)

To the order that is required, Eqs.(70), (73), and (78) provide a set of equations to find the particle orbits
and the energy variation. We see later how this enters the kinetic equations.

4 Ordered Fokker-Planck Equation

The full gyrokinetic equation in general geometry is far too complicated. Here, we will derive the equation in
a slab geometry with equilibrium variation along one spatial axis– i.e. f (0) = f 0(xs), B (0) = B0(xs)z . We
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shall take the plasma to be periodic in y and z and the turbulence will be excited by some kind of antenna
(the stirring must be homogeneous averaged over the medium time scale). We start with the Fokker-Planck
equation.

The Fokker-Planck equation,

d
dt

f =
@
@t

f + v · ∇f +
q
m

(E + v × B ) · @
@v

f = C(f; f ) (79)

where C(f; f ) is the collision operator. Using the gyrokinetic ordering stated previously, we explicitly write the
order of each term relative to vth f 0=L,

@f0
@t|{z}
² 2

+
@±f
@t| {z }
²

+ v · ∇f 0| {z }
1

+ v? · ∇? ±f
| {z }

1

+ vk∇k±f
| {z }

²

+
q
m

0

B
B
@− ∇Á

|{z}
1

− @A
@t|{z}
²

+ v × ±B| {z }
1

+ v × B (0)
| {z }

² ¡ 1

1

C
C
A · @f0

@v

+
q
m

0

B
B
@− ∇Á

|{z}
²

− @A
@t|{z}
² 2

+ v × ±B| {z }
²

+ v × B (0)
| {z }

1

1

C
C
A · @±f

@v
= C(f 0; f 0)| {z }

1

+ C(±f; f 0)| {z }
²

+ C(f 0; ±f )
| {z }

²

+ C(±f; ±f )
| {z }

² 2

: (80)

Now the process of simplifying the equations involves equating orders and solving the resulting equations. In
principle we need to go to O(²2) to get the long transport time evolution of f 0– in fact we will only go to O(²)
and then use the moment equations to get the evolution of f 0.

4.1 O(²¡ 1)

At this order we have simply
q
m

v × B (0) · @f0
@v

= 0: (81)

In the polar coordinate of the velocity vector, this is calculated as

q
m

v? × B (0) · @f0
@v

=Ω0v? e? × b0 ·
µ

e?
@

@v?
+ eµ

1
v?

@
@µ

+ b0
@

@vk

¶
f 0 = Ω0v?

µ
− 1

v?

@
@µ

¶
f 0

= − Ω0
@f0
@µ

: (82)

Thus, f 0 is independent of the gyro-angle µ (any intial dependence would be wiped out by the fast gyration) so
that

f 0 = f 0(xs; vk ; v? ; t): (83)

4.2 O(1)

v · ∇f 0 + v? · ∇? f (1) +
q
m

(−∇Á+ v × ±B ) · @f0
@v

− Ω0
@f(1)

@µ
= C(f 0; f 0): (84)

This looks like a horrendous equation to solve – it involves two unknowns f 0 and f (1) . In such cases we must
isolate one unknown at a time and solve. A trick inspired by Boltzmann’s H theorem allows us to solve for
f 0. We multiply Eq. (84) by ln f 0 and integrate over y and z spatial dimensions (periodicity is assumed) and

11



velocities. Additionally we perform a “medium” scale spatial average over x. This is an integration over an
interval around x that is small compared to the macroscopic length scale but large compared to the microscopic
length scale. Using this trick we can show at this order that

1
∆x

Z x + ¢ x
2

x ¡ ¢ x
2

dx0
Z Z Z

dydzd3v ln f 0C(f 0; f 0) = 0: (85)

We show explicitly how each term vanishes.
Z

v · ∇f 0 ln f 0dx =
Z

∇ · (vf 0) ln f 0dx =
Z

[∇ · (f 0 ln f 0v) − f 0v · ∇ ln f 0]dx =
Z

[∇ · (f 0 ln f 0v) − v · ∇f ]dx

=
Z

∇ · [f 0(ln f 0 − 1)v ]dx : (86)

From the assumption, the integration interval over the x direction is much smaller compared with the macro-
scopic length, which implies f 0 = const. in this integral. And, with the periodicity in y and z direction, this
integral vanishes.

Z
(−∇Á+ v × ±B ) · @f0

@v
dv =

Z ·
@

@v
· ((−∇Á+ v × ±B )f 0) − f 0

@
@v

· (v × ±B )
¸

dv

=
Z ·

@
@v

· ((−∇Á+ v × ±B )f 0) − f 0±B · @
@v

× v
¸

dv

=
Z ·

@
@v

· ((−∇Á+ v × ±B )f 0)
¸

dv: (87)

This vanishes for limv !1 f 0(v) = 0. The terms involving f (1) also vanish using the coordinate transform (57),
Z

ln f 0

µ
v? · ∇? f (1) − Ω0

@
@µ

f (1)
¶

dv = − Ω0

Z
@

@Θ

³
f (1) ln f 0

´
dv = 0: (88)

We know from the Boltzmann’s H tehorem (see Sec. B) that Eq. (85) implies that f 0 is the local Maxwellian,
i.e.

f 0 =
n√
¼vth

exp
µ
− v2

v2
th

¶
(89)

where vth =
p

2T=m and n and T depend on the long time scale ¿ and the slow spatial scale. Essentially this
result shows that there is no entropy production at this oorder (C(f 0; f 0) = 0). This expression gives

@f0
@v

= − 2f 0

v2
th

v;

q
m

(−∇Á+ v × ±B ) · @f0
@v

=
q
m
∇Á · 2f 0

v2
th

v = f 0
q
T

v · ∇Á = f 0v · ∇
µ

qÁ
T

¶
+ f 0

qÁ
T

v · ∇T
T| {z }

O (²f 0 v th =L )

: (90)

Note that ∇T term is smaller. To this order, we can drop the factor vk∇k(qÁ=T) from the right hand side.
Then Eq. (85) becomes

v? · ∇? f (1) − Ω0
@f(1)

@µ
= −v? · ∇?

µ
qÁ
T

¶
f 0 − v · ∇f 0: (91)
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This equation has the simple particular solution (How can we get this solusion?)

f (1)
p = −qÁ

T
f 0 − ½· ∇? f 0: (92)

It is easy to show that this solution really satisfies the equation. Substituting the expression in the equation,
we have

v? · ∇?

µ
−qÁ

T
f 0

¶
= −v? · ∇?

µ
qÁ
T

¶
f 0 −

qÁ
T

v? · ∇? f 0
| {z }

O (²v th =Lf 0 )

; (93)

and

Ω0
@
@µ

(½· ∇? f 0) =Ω0
@
@µ

µ
−v? × b0

Ω0
· ∇? f 0

¶
= −@v?

@µ
× b0 · ∇? f 0 = −v?

@e?

@µ
× b0 · ∇? f 0

= − v? eµ × b0 · ∇? f 0 = −v? e? · ∇? f 0 = −v? · ∇? f 0: (94)

With the assumption that ∇k f 0 = 0, the condition is satisfied in the leading order. The first term in the
particular solution represents the perturbed Boltzmann response of the particles to the potential. The potential
is static on the gyration time scale and therefore the energy E = mv2=2 + qÁ is conserved to this order. The
second term can be recognized as the beginning of an expansion of f 0 about the gyro-center position,

f 0(X s) ∼ f 0(xs) − ½· ∇f 0 (95)

where we are using R s = r s −½and identifying X s as the x component of R s. We define F0 which includes the
leading order solution and the particular solution of the next order, i.e.,

F0(r ; X s; v ; t) = f 0(xs; v ; t) + f (1)
p (r ; v ; t) = f 0(X s; v ; t) exp

µ
− qÁ(r ; t)

T(X s; t)

¶
: (96)

It remains to solve for the homogeneous part of Eq. (91). We note that the operator on the right hand side
of Eq. (91) is particular part of the collisionless motion in a constant uniform field thus we expect to find the
gyro-center variable useful. Indeed the homogeneous part of f (1) , f (1)

h , is shown to satisfy
Ã

@f(1)
h

@Θ

!

R

= 0 (97)

using the transform to the gyro-center coordinate (see Eq. (57)),

Ω0

µ
@

@Θ

¶

R
= Ω0

µ
@
@µ

¶

r
− v? · ∇? : (98)

The homogeneous part is independent of gyro-angle at fixed R (not r ),

f (1)
h = h(R ; V; V? ; t): (99)

Sometimes h is called the guiding center distribution. As we show in the next order h satisfies the gyrokinetic
equation.
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Combining these results leads the following distribution function,

f (r ; v ; t) = F0(r ; v ; t) + h(R ; V; V? ; t) + f (2) (r ; v ; t) + · · · (100)

where

F0(r ; v ; t) = n(t; X s(r ; v))
µ

m
2¼T(t; X s(r ; v))

¶ 3=2

exp
µ
−mv2=2 + qÁ(r ; t)

T(t; X s(r ; v))

¶
; (101)

or

F0(R ; V ; t) = n(t; X s)
µ

m
2¼T(t; X s)

¶ 3=2

exp
µ
−mV 2=2 + qÁ(r (R ; V ); t)

T(t; X s)

¶
: (102)

While this is the form of the distribution function we still need to derive equations for h, n, and T . Now we
proceed to O(²) where we obtain the gyrokinetic equation as a solubility constraint for f (2) .

Here we check the derived solution really satisfies the Fokker-Planck equation. Using the expression for F0,

@F0
@t

=F0

·
1
n

@n
@t

− 3
2

1
T

@T
@t

− mv2=2 + qÁ
T

1
T

@T
@t

− 1
T

q
@Â
@t

¸

=F0

2

6
6
6
4

@ln n
@t

−
µ

3
2

+
E
T

¶
@ln T

@t
| {z }

O (² 2 ! )

− q
T

@Â
@t| {z }

O (²! )

3

7
7
7
5

v · ∇F0 =F0

2

6
6
4 v · ∇n

n| {z }
O (v th =L )

−3
2

v · ∇T
T| {z }

O (v th =L )

− mv2=2 + qÁ
T

v · ∇T
T| {z }

O (v th =L )

− q
T

v · ∇Á
| {z }
O (²v th =½)

3

7
7
5

=F0

2

6
6
6
4

v · ∇ ln n −
µ

3
2

+
E
T

¶
v · ∇ ln T − q

T
v · ∇Á

| {z }
O (v th =L )

3

7
7
7
5

(103)

We must pay extra attention when taking the derivative with respect to v since X s depends on v .

@F0
@v

= − 2F0

v2
th

v + F0

µ
∇n
n

− 3
2
∇T
T

− mv2=2 + qÁ
T

∇T
T

¶
· @R

@v

= − 2F0

v2
th

v
| {z }

O (f 0 =v th )

+ F0
b0

Ω0
×

µ
∇n
n

−
µ
E
T

+
3
2

¶
∇T
T

¶

| {z }
O (²f 0 =v th )

: (104)
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Thus,

q
m

2

6
6
4 v × B 0| {z }

O (v th B 0 )

−∇Á+ v × ±B
| {z }

O (²v th B 0 )

− @A
@t|{z}

O (² 2 v th =L )

3

7
7
5 · @F0

@v| {z }
O ((1+ ² ) f 0 =v th )

= F0
q
T

v · ∇Á+ F0v × b0 ·
·
b0 ×

µ
∇n
n

−
µ
E
T

+
3
2

¶
∇T
T

¶¸

| {z }
O (v th =Lf 0 )

+ F0
q
T

v · @A
@t

+ F0
1

B0
(−∇Á+ v × ±B ) ·

·
b0 ×

µ
∇n
n

−
µ
E
T

+
3
2

¶
∇T
T

¶¸

| {z }
O (²v th =Lf 0 )

+O(²2vth =Lf 0)

=F0
q
T

v · ∇Á− F0v? ·
µ
∇n
n

−
µ
E
T

+
3
2

¶
∇T
T

¶
+ O(²f 0vth =L):

By taking into account that ∇kn = ∇kT = 0, this term annihilates with v · ∇F0 term in this order. Collecting
up to O(f 0vth =L) terms,

v · ∇F0 + v? · ∇? h +
q
m

(−∇Á+ v × B ) · @F0
@v

+
q
m

v × B 0 ·
@h
@v

= Ω0v × b0 ·
µ
−2F0

v2
th

v
¶

| {z }
O (² ¡ 1 f 0 v th =L )=0

+v? · ∇? h − Ω0
@h
@µ

+ O(²f 0vth =L) = −Ω0
@h
@Θ

= 0: (105)

It is confirmed that f = F0 + h is the solution to the Fokker-Planck equation of order up to O(1).

4.3 O(²)

It is now straightforward to plug the above form of the distribution function into the Fokker-Planck equation
and select the O(²) terms. We would then proceed through the derivation of the gyrokinetic equation. This
process is somewhat tedious and not very physically illuminating. We find an improved route by recasting the
Fokker-Planck equation using gyro-center variables (see Sec. C),

R = r +
v × b0

Ω0
; E =

1
2

mv2; ¹ =
mv?

2B0
; (Θ; s): (106)

The Fokker-Planck equation takes the form

@f
@t

+
dR
dt

· @f
@R

+
d¹
dt

@f
@¹

+
dE
dt

@f
@E

+
dΘ
dt

@f
@Θ

= C(f; f ): (107)
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To be explicit, we note that in thse variables f = F0(X s; E(t))+h(R ; E ; ¹; t )+ f (2) (R ; E ; ¹; Θ; t)+ · · · . Consider
the ordering again,

@h
@t|{z}

O (!²f 0 )

+
@f(2)

@t| {z }
O (!² 2 f 0 )

+
dRk

dt| {z }
O (v th )

b0 ·

0

B
B
@

@F0
@R| {z }

O ((1+ ² ) f 0 =L )

+
@h
@R|{z}

O (²f 0 =L )

+
@f(2)

@R| {z }
O (² 2 f 0 =L )

1

C
C
A +

dR ?

dt| {z }
O (²v th )

·

0

B
B
@

@F0
@R| {z }

O (f 0 =L + ²f 0 =½)

+
@h
@R|{z}

O (²f 0 =½)

+
@f(2)
@R| {z }

O (² 2 f 0 =½)

1

C
C
A

+
d¹
dt|{z}

O (!¹ )

0

B
B
B
@

@h
@¹

|{z}
O (²f 0 =¹ )

+
@f(2)

@¹
| {z }

O (² 2 f 0 =¹ )

1

C
C
C
A

+
dE
dt|{z}

O (! E)

0

B
B
@

@F0
@E| {z }

O ((1+ ² ) f 0 =E)

+
@h
@E|{z}

O (²f 0 =E)

+
@f(2)

@E| {z }
O (² 2 f 0 =E)

1

C
C
A +

dΘ
dt

@f(2)

@Θ| {z }
O (­ 0 ² 2 f 0 )

= C(F0 + h + f (2) ; F0 + h + f (2) ): (108)

The O(²vth =Lf 0) equation is found to be

@h
@t

+
dR
dt

· @
@R

(h + F0) +
d¹
dt

@h
@¹

− C(h) = Ω0
@f(2)

@Θ
+

1
T

dE
dt

F0 (109)

where to the highest order
dΘ
dt

= −Ω0; (110)

and C(h) = C(F0; h) + C(h; F0). We must annihilate f (2) –to do this we average over the gyro-angle Θ, at fixed
R .

@h
@t

+
¿

dR
dt

À

R
· @

@R
(h + f 0) +

¿
d¹
dt

À

R

@h
@¹

− 〈C(h)〉R =
F0

T

¿
dE
dt

À

R
: (111)

We use (70), (73), and (78) to obtain the gyrokinetic equation

@h
@t

+ Vk
@h
@Z

+ VD ·
µ

@h
@R

+ x
@F0
@Xs

¶
− 〈C(h)〉R = q

F0

T
@〈Â〉R

@t
(112)

where the drift velocity is given by

VD = y
V 2

?

2Ω0B0

@B0
@xs

− @〈Â〉R

@R
× b0

B0
: (113)

Note that since we have assumed the spatial dependence of the equilibrium field is in B0(xs), not b0, we keep
the ∇B0 drift but not the curvature drift. In some loose sense the gyrokinetic equation is the kinetic equation
for rings of charge centered at R (t) of radius V? =Ω0.

It is important to note that Á, h, and Â are all periodic in y and z. We define a second ring average at fixed
r as

〈a(R ; E ; ¹; Θ; t)〉r =
1
2¼

Z
a

µ
r +

v(¹; Θ) × b0

Ω
; E ; ¹; Θ; t

¶
dΘ: (114)

This average arises in Maxwell’s equatinos where for example the charge at r is due to particles with gyro-cneters
on a circle of radius v? =Ω0 about r .
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Quasi-Neutrality

The quasi-neutrality condition demands
X

s

qs

Z
(F0;s + hs)dv = 0; (115)

where the integral is taken with r kept fixed. Noting that F0(r ; v ; t) = (1−qÁ=T−½·∇? )f 0(r ; v? ; vk ; t) where
Á and T are independent of v , and taking into account the relation,

v × b0 = v? e? × b0 = −v? eµ = −v?
@e?

@µ
= −@v?

@µ
; (116)

we obtain
Z

F0dv =
µ

1 − qÁ
T

¶
n

³ m
2¼T

´ 3=2
Z

exp
µ
−mv2

2T

¶
dv +

Z
v × b0

Ω0
· ∇? f 0dv

=n − qÁ
T

n − 1
Ω0

∇? ·
Z

@
@µ

(f 0v? )dv = n − qÁ
T

n: (117)

We must be careful about the h term because h is a function of (R ; V ) not (r ; v). To alert this, we explicitly
write that h must be second gyro-averaged,

Z
hdv =

Z · Z
hdµ

¸
v? dv? dvk =

Z
2

6
4

1
2¼

Z
2¼〈h〉r| {z }

independent of µ

dµ

3

7
5 v? dv? dvk =

Z
〈h〉r dv: (118)

Then, since
P

s ns = 0, we get
X

s

·
−nsq2

s Á
Ts

+ qs

Z
〈hs〉r dv

¸
= 0: (119)

Parallel Ampère’s Law

The parallel component of Ampère’s law is given by

b0 · ∇ × B 0 + ∇2Ak = −¹ 0

X

s

qs

Z
vk(F0;s + hs)dv: (120)

For the F0 term, we calculate
Z

F0vkdv =
µ

1 − qÁ
T

¶
n

³ m
2¼T

´ 3=2
Z

vk exp
µ
−mv2

2T

¶
dv +

Z
vk

v × b0

Ω0
· ∇? f 0dv

= − 1
Ω0

∇? ·
Z

@
@µ

¡
f 0vkv?

¢
dv = 0: (121)

We also note that the first term vanishes if B = B0(x)z . Then, we obtain

∇2Ak = −¹ 0

X

s

qs

Z
〈hs〉r vkdv: (122)

When we drive the system with an antenna we add a source to this equation.
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Perpendicular Ampère’s Law

The perpendicular component reads

b0 × (∇× B 0) + ∇? ±Bk = ¹ 0b0 ×
X

s

qs

Z
(F0;s + hs)v? dv: (123)

The first term is calculated as
b0 × (∇× B 0) = ∇? B0 − B0(b0 · ∇)b0: (124)

but, we don’t condiser the curvature here. Same as the previous cases, first two components of F0 term vanish
(we left the third term untouched here),

b0 ×
Z

F0v? dv =
Z µ

1 − qÁ
T

− ½· ∇?

¶
f 0b0 × v? dv

=
µ

1 − qÁ
T

¶ Z
f 0

@v?

@µ
dv −

Z
(½· ∇? f 0)b0 × v? dv

= −
Z

(½· ∇? f 0)b0 × v? dv: (125)

The perpendicular Ampère’s law becomes

∇? (B0 + ±Bk) = ¹ 0

X

s

qs

Z
〈hsb0 × v? 〉r dv − ¹ 0

X

s

qs

Z
(½s · ∇? )f 0;s b0 × v? dv: (126)

Pressure Balance

If we note that the ∇ acting on B0 and F0 is acting on a slow space scale, we can average the fast variations
away and are left with

∇? B0 = −¹ 0

X

s

qs

Z
(½s · ∇? )f 0;s b0 × v? dv: (127)

By integrating by parts, we get

q
Z

(½· ∇? )f 0b0 × v? dv = − q
Z

1
Ω0

(v × b0 · ∇? )f 0
@v?

@µ
dv

= − m
B0

Z
@
@µ

[(v? × b0 · ∇? f 0)v? dv ] +
m
B0

Z ·
@v?

@µ
× b0 · ∇? f 0

¸
v? dv

=
m
B0

Z
v? eµ × b0 · ∇? f 0v? dv

=
1

B0
∇? ·

Z
mv? v? f 0dv: (128)

Here, we define the equilibrium pressure tensor

←→
P0 =

Z
mv? v? f 0dv: =

Z
mv2

?

0

@
cos2 µ sin µcos µ 0

sin µcos µ sin2 µ 0
0 0 0

1

A f 0dv =
1
2

Z
mv2

?

0

@
1 0 0
0 1 0
0 0 0

1

A f 0dv: (129)
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We can reduce it to the scalar equilibrium pressure given by

P0 =
1
2

Z
mv2

? f 0dv: (130)

We obtain the equilibrium pressure balance,

∇?

Ã
B 2

0

2¹ 0
+

X

s

P0;s

!

= 0: (131)

Similarly, we can work with the perturbed distribution function to obtain a perturbed pressure balance
equation. g term in the perpendicular Ampère’s law is calculated as

q
Z

hb0 × v? dv =q
Z

h
@v?

@µ
dv = q

Z
@
@µ

(hv? )dv − q
Z

v?
@h
@µ

dv = −q
Z

v?
1

Ω0
v? · ∇? hdv

= − 1
B0

∇ ·
Z
〈mV? V? h〉r dv: (132)

The fluctuating pressures also balance

B0∇? ±Bk = −¹ 0∇? ·
X

s

←→
±Ps; (133)

where the fluctuating pressure tensor is
←→
±Ps =

Z
〈mV? V? hs〉r dv: (134)

5 Transport

6 Linear Dispersion Relation

7 Collision Operator

A Gyrokinetic Equations and Ordering Summary

The equations to solve are the gyrokinetic equation for h,

@h
@t

+ Vk
@h
@Z

+
µ

y
V 2

?

2Ω0B0

@B0
@xs

− @〈Â〉R

@R
× b0

B0

¶
·
µ

@h
@R

+ x
@F0
@Xs

¶
− 〈C(h)〉R = q

F0

T
@〈Â〉R

@t
; (135)

and the field equations,
X

s

·
−nsq2

s Á
Ts

+ qs

Z
〈hs〉r dv

¸
= 0; (136)

∇2Ak = −¹ 0

X

s

qs

Z
〈hs〉r vkdv; (137)

B0∇? ±Bk = −¹ 0∇? ·
X

s

qs

Z
〈mv? v? hs〉r dv: (138)

Table 1 summarizes the gyrokinetic ordering.
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Table 1: Gyrokinetic Ordering. The quantities in red are unknown and determined by the equation in the
bracket. f (1)

p is the particular solution to the O(1) Fokker-Planck equation, which is given in terms of f 0, while
f (1)

h is the homogeneous solution to the same equation.

Quantity Unit O(1) O(²) O(²2) O(²3)

f f 0 f (0) = n
(
p

¼vth )3 exp
³
− v2

v2
th

´
f (1) = f (1)

p + f (1)
h (GK) f (2)

B ? B0 B (1)
? = ∇? × A (2)

k

Bk B0 B (0)
k = B0 B (1)

k = −∇2
? »(3) (Ampère)

E ? L!B 0 E (1)
? = −∇? Á(2) E (2)

? = −∇? Á(3) − @A (2)
?

@t

Ek L!B 0 E (2)
k = −∇kÁ(2) −

@A(2)
k

@t

Á L 2!B 0 Á(2) (Poisson)
A ? LB 0 A (2)

? = ∇? »(3) × b0

Ak LB 0 A (2)
k (Ampère)

» L 2B0 »(3)

B Boltzmann’s H theorem

Define the H function
H =

Z
f ln f dv (139)

where f satisfies the Boltzmann equation

@f
@t

+ v · ∇f = C(f; f ): (140)

C(f; f ) is the collision term which we will discuss later.
Change rate of H is

@H
@t

=
Z ·

@f
@t

ln f + f
1
f

@f
@t

¸
dv =

Z
(ln f + 1)

@f
@t

dv =
Z

(ln f + 1) (−v · ∇f + C) dv

= −
Z

∇ · (f ln f v)dv +
Z

(ln f + 1)Cdv: (141)

Defining the H flow as J H =
R

f ln f vdv , we have

@H
@t

+ ∇ · J H =
Z

(ln f + 1)Cdv: (142)

Now, we consider the collision term. The distribution function at some point with the velocity v increases
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by collisions with the particles having different velocities. This is represented by

C(f; f ) =
µ

@f
@t

¶

coll
=

Z
¾(v; v1|v0; v0

1)f (x ; v0; t)f (x ; v0
1; t)dv1dv0dv0

1

−
Z

¾(v0; v0
1|v; v1)f (x ; v; t)f (x ; v1; t)dv1dv0dv0

1: (143)

The first term represents the process that the particles with the velocities v0 and v0
1 collide to be those having v

and v1. The second term gives an inverse process. The factor ¾gives the frequency of these processes at a unit
time. Strictly speaking, particles cannot approach within the distance of particles diameter, the distribution
of the particle having v0

1 should be f (x + d0n ; c0
1; t) where d0 is the particle diameter and n is the unit vector

from particle’s barycenter to the contact point. However, we ignore the particle diameter for simplicity.
We see the factor ¾more in detail. Because of symmetries of time reversal and space reversal, the frequency

of the process from v , v1 to v0, v0
1 should be same as those of from v0, v0

1 to v , v1, from v1, v to v0
1, v0, and

from −v , −v1 to −v0, −v0
1. Thus, ¾satisfies

¾(v; v1|v0; v0
1) = ¾(v0; v0

1|v; v1) = ¾(v0
1; v0|v1; v) = ¾(−v0

1;−v0| − v1;−v) = · · · : (144)

Due to this property, the collision term becomes
µ

@f
@t

¶

coll
=

Z
¾(v; v1|v0; v0

1)(f (v0)f (v0
1) − f (v)f (v1))dv1dv0dv0

1: (145)

If collisions are elastic, the energy and the momentum conserves during the process. The frequency is finite
if the velocities satisfy the relations

v + v1 =v0+ v0
1; (146)

v2 + v2
1 =v02 + v02

1: (147)

We now consider some function ' (v), and an integral2

Z
' (v)

µ
@f
@t

¶

coll
dv: (150)

It is clear from its expression that permutation of the integration variables does not alter the result. Thus, the

2 If the function ' (v ) satis¯es Z
' (v )

�
@f

@t

�

coll
dv = 0 ; (148)

it is called a collision invariant. The collision invariant satis¯es

' (v ) + ' (v1 ) = ' (v 0) + ' (v 0
1 ): (149)

In fact, there are ¯ve collision invariants: a constant, velocities (the moments), and the square of the absolute velocity (the kinetic
energy). This is clear from the conditions of the elastic collision.
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following relations hold
Z

' (v)¾(v; v1|v0; v0
1)(f (v0)f (v0

1) − f (v)f (v1))dvdv1dv0dv0
1

=
Z

' (v1)¾(v1; v |v0
1; v0)(f (v0

1)f (v0) − f (v1)f (v))dvdv1dv0dv0
1

=
Z

' (v0)¾(v0; v0
1|v; v1)(f (v)f (v1) − f (v0)f (v0

1))dvdv1dv0dv0
1

=
Z

' (v0
1)¾(v0

1; v0|v1; v)(f (v1)f (v) − f (v0
1)f (v0))dvdv1dv0dv0

1: (151)

Using this relations with the symmetry of ¾, we obtain
Z

' (v)
µ

@f
@t

¶

coll
=

1
4

Z
¾(v; v1|v0; v0

1)(f (v0)f (v0
1) − f (v)f (v1))(' (v) + ' (v1) − ' (v0) − ' (v0

1))dvdv1dv0dv0
1:

(152)
Thus,

Z µ
@f
@t

¶

coll
dv =0;

Z
ln f

µ
@f
@t

¶

coll
dv =

1
4

Z
¾(v; v1|v0; v0

1)(f (v0)f (v0
1) − f (v)f (v1)) ln

f (v)f (v1)
f (v0)f (v0

1)
dvdv1dv0dv0

1: (153)

Now, the production term of the H function is reduced to
Z

ln f
µ

@f
@t

¶

coll
dv; (154)

which is shown to be negative for a thermally non-equilibrium state using (x − y) ln(y=x) ≤ 0. At the thermal
equilibrium, the equality holds where f (v0

1)f (v0) = f (v1)f (v).
We look for a function which satisfies the condition f (v0

1)f (v0) = f (v1)f (v). At the thermal equilibrium,
the distribution function does not depend on the direction of velocity, but depends only on its absolute value,

f (v) = f (|v|2 = v2
x + v2

y + v2
z ): (155)

Then, the condition becomes f (x)f (y) = f (x0)f (y0) where x + y = x0+ y0. Setting x0 = 0, we have

f (x)f (y) = f (y0) = f (x + y): (156)

Taking the derivative with respect to x yields

1
f (x)

@f(x)
@x

=
1

f (y0)
@f(y0)

@x
= const:; (157)

which leads to the function to have the form f (x) ∝ exp(x2). We assume

f (x ; v; t) = A(x ) exp(−C(x )v2): (158)
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Taking the moments 3,

Z
f dv =A

µ r
¼
C

¶ 3

= n(x );

Z
1
2

mv2f dv =
mA
4C

µ r
¼
C

¶ 3

=
1
2

n(x )kB T(x ); (164)

where n(x ) is the density, T(x ) is the temperature, and kB is the Boltzmann constant. Solving those equations
for A and C, we get

A(x ) = n
µ

m
2¼kB T

¶ 3=2

; C(x ) =
m

2kB T
: (165)

With the definition of the thermal velocity vth : 1
2 mv2

th ≡ kB T ,

f (x ; v; t) =
n(x )

(
√

¼vth )3 exp
µ
− v2

v2
th

¶
: (166)

This Maxwell’s distribution is only the equilibrium soultion where no entropy is produced.

3De¯ne the Gauss integral

I [n] =
Z

xn e®x 2
dx (n : integer) : (159)

The following recurrence formula holds

I [n] =
Z

xn ¡ 1

 
e®x 2

2®

! 0

dx =
xn ¡ 1e®x 2

2®
¡

1

2®

Z
(n ¡ 1)xn ¡ 2e®x 2

dx =
xn ¡ 1e®x 2

2®
¡

n ¡ 1

2®
I [n ¡ 2]:

Consider the de¯nite integral in the interval 0 < x < 1 , and for ® < 0 for convergence. For n = 1, I def [1] is easily calculated,

I def [1] =
Z 1

0
xe®x 2

dx =

"
eax 2

2®

#1

0

=
1

2(¡ ®)
: (160)

We can also calculate I def [0] as follows.

�
I def [0]

� 2
=

Z 1

0

Z 1

0
e®( x 2 + y 2 ) dxdy =

Z ¼=2

0

Z 1

0
e®r 2

r dr dµ =
¼

2

"
e®r 2

2®

#1

0

=
¼

4(¡ ®)
: (161)

Thus, we obtain I def [0] =
p

¼=(¡ ®)=2. (Note that
R1

¡1 xe®x 2
dx = 0,

R1
¡1 e®x 2

dx =
p

¼=(¡ ®).) For any n ¸ 1 (the integral does
not converge for n < 0), it is easily shown that

I def [2m] =
(2m ¡ 1)!!

2(¡ 2®)m

r
¼

¡ ®
(n = 2 m; m = 1 ; 2; 3; ¢ ¢ ¢); (162)

I def [2m ¡ 1] =
(m ¡ 1)!

2(¡ ®)m
(n = 2 m ¡ 1; m = 1 ; 2; 3; ¢ ¢ ¢); (163)

where (2m ¡ 1)!! = (2 m ¡ 1)(2m ¡ 3) ¢ ¢ ¢3 ¢1. If we de¯ne J def [n] =
R1

¡1 xn e®x 2
dx, J def [2m] = 2 I def [2m] (m can be negative),

J def [2m ¡ 1] = 0 ( m should be positive).
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C Coordinate Transform

C.1 Catto transform

Catto transform transforms from the particle coordinate (r ; v) to the gyro-center coordinate (R ; V ),
8
<

:
R =r +

v × b0

Ω0

V =v

8
<

:
r =R − V × b0

Ω0

v =V
(167)

where b0 is the unit vector parallel to the local background magnetic field. The derivatives are transformed as
follows 4, 8

>><

>>:

@
@R

=
@r
@R

@
@r

+
@v
@R

@
@v

=
@

@r
@

@V
=

@r
@V

@
@r

+
@v
@V

@
@v

=
@

@v
− b0

Ω0
× @

@r

;

8
>><

>>:

@
@r

=
@R
@r

@
@R

+
@V
@r

@
@V

=
@

@R
@

@v
=

@R
@v

@
@R

+
@V
@v

@
@V

=
@

@V
+

b0

Ω0
× @

@R

:

C.2 Velocities in a cylindrical coordinate

We define velocities using the gyro-angle Θ,

V =

0

@
V?

Θ
Vk

1

A =

0

B
@

q
v2

x + v2
y

tan¡ 1 vy

vx

vz

1

C
A v =

0

@
vx

vy

vz

1

A =

0

@
V? cosΘ
V? sinΘ

Vk

1

A : (169)

The unit vectors e? × e£ = b0 and ex × ey = ez span each space. The Jacobian of the transform is give like

J =
µ

@V
@v

¶ T

=

0

B
@

@V?
@vx

@V?
@vy

@V?
@vz

@£
@vx

@£
@vy

@£
@vz

@Vk
@vx

@Vk
@vy

@Vk
@vz

1

C
A =

0

@
cosΘ sinΘ 0

− 1
V?

sinΘ 1
V?

sinΘ 0
0 0 1

1

A =

0

@

vx
V?

vy

V?
0

− vy

V 2
?

vx
V 2

?
0

0 0 1

1

A (170)

4Here we show the calculation of ( @R =@v )( @=@R ) using the Levi-Civita symbol

@R

@v

@

@R
=

@

@v

�
v £

b0

­ 0

�
@

@R
=

@

@vi

�
² jkl vk

bl

­ 0

�
ei ej

�
@

@Rm

�
em =

@

@vi

�
² jkl vk

bl

­ 0

@

@Rj

�
ei

=
@

@vi

��
v2

b3

­ 0
¡ v3

b2

­ 0

�
@

@R1
+

�
v3

b1

­ 0
¡ v1

b3

­ 0

�
@

@R2
+

�
v1

b2

­ 0
¡ v2

b1

­ 0

�
@

@R3

�
ei

=
�

¡
b3

­ 0

@

@R2
+

b2

­ 0

@

@R3

�
e1 +

�
b3

­ 0

@

@R1
¡

b1

­ 0

@

@R3

�
e2 +

�
¡

b2

­ 0

@

@R1
+

b1

­ 0

@

@R2

�
e3

=
b0

­ 0
£

@

@R
: (168)
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where each column gives contravariant basis vector, ∇v V? , ∇v Θ, and ∇v Vk . The unit basis vectors are given
by

e? =∇v V? =
vx

V?
ex +

vy

V?
ey (171)

e£ =V? ∇v Θ = − vy

V?
ex +

vx

V?
ey (172)

b0 =∇v Vk = ez ; (173)

, or µ
e?

e£

¶
=

µ
cosΘ sinΘ
− sinΘ cosΘ

¶ µ
ex

ey

¶
: (174)

These unit vectors change their directions with Θ,

@e?

@Θ
= e£ ;

@e£

@Θ
= −e? : (175)

Using the Jacobian and the inverse Jacobiman matrices,

J ¡ 1 =
µ

@v
@V

¶ T

=

0

@
cos Θ −V? sinΘ 0
sinΘ V? cosΘ 0

0 0 1

1

A ; (176)

the derivatives are transformed by

@
@V

=
@v
@V

@
@v

=

0

B
@

vx√
v2

x + v2
y

@
@vx

+ vy√
v2

x + v2
y

@
@vy

−vy
@

@vx
+ vx

@
@vy

@
@vz

1

C
A ;

@
@v

=
@V
@v

@
@V

=

0

B
@

cosΘ @
@V?

− sin £
V?

@
@£

sin Θ @
@V?

+ cos £
V?

@
@£

@
@Vk

1

C
A : (177)

The gradient operator in the cylindrical coordinate is given like

@
@v

=ex
@

@vx
+ ey

@
@vy

+ ez
@

@vz
=

=(cosΘe? − sinΘe£ )
µ

cosΘ
@

@V?
− sinΘ

V?

@
@Θ

¶

+ (sinΘe? + cosΘe£ )
µ

sinΘ
@

@V?
+

cosΘ
V?

@
@Θ

¶
+ b0

@
@Vk

=e?
@

@V?
+ e£

1
V?

@
@Θ

+ b0
@

@Vk
: (178)

We also note that the velocity vector is written in the cylindrical coordinate like

v =vx ex + vy ey + vzez

=V? cosΘ(cosΘe? − sinΘe£ ) + V? sinΘ(sinΘe? + cosΘe£ ) + Vkb0

=V? e? + Vkb0: (179)
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Curl (@=@v×) of this vector vanishes,

@
@v

× v =
µ

e?
@

@V?
+ e£

1
V?

@
@Θ

+ b0
@

@Vk

¶
× (V? e? + Vkb0)

=e£ × @e?

@Θ
= 0: (180)

C.3 v 7→ W = (E ; ¹; Θ; s)

Next, we introduce the energy E , and the magnetic momentum ¹ . s (a sign of vz) is also necessary to distinguish
±vz .

W =

0

B
B
@

Ē
¹̄
Θ
s

1

C
C
A =

0

B
B
@

1
2 (v2

x + v2
y + v2

z )
1
2 v2

?
tan¡ 1( vy

vx
)

vz
j vz j

1

C
C
A v =

0

@

√
2¹̄ cosΘ√
2¹̄ sinΘ

s
p

2(Ē − ¹̄ )

1

A (181)

where v? =
q

v2
x + v2

y . To omit factors, we have redefined the energy and the momentum by Ē = (E − qÁ)=m,

¹̄ = 2¹B 0=m. The Jacobians are

@v
@W

=

0

B
B
B
@

@vx
@¹E

@vy
@¹E

@vz
@¹E

@vx
@¹¹
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@¹¹
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@¹¹
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@£

@vz
@£

@vx
@s

@vy
@s

@vz
@s

1

C
C
C
A

=

0

B
B
B
B
@

0 0 s√
2( ¹E¡ ¹¹ )

1p
2¹¹ cosΘ 1p

2¹¹ sinΘ − s√
2( ¹E¡ ¹¹ )

−
√

2¹̄ sinΘ
√

2¹̄ cosΘ 0
0 0

p
2(Ē − ¹̄ )

1

C
C
C
C
A
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@W
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=

0

B
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@¹E
@vx

@¹¹
@vx

@£
@vx

@s
@vx

@¹E
@vy

@¹¹
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@£
@vy
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@vy

@¹E
@vz

@¹¹
@vz
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1

C
A =

0

@
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0

vy vy
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vz 0 0 0

1

A ; (182)

where
p

2(Ē − ¹̄ ) = |vz |,
√

2¹̄ = v? . Note that @s=@vz is discontinuous at vz = 0, but it may not matter, and
we set it zero everywhere. The derivatives are give by

@
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=
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@W
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=

0
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B
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?
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1
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=
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?
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